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A. KHAO SAT HAM SO

1. Tinh don diéu

1.1. Li thuyét

a) Binh nghia: Cho K 13 mét khodng, doan hodc nira khodng. Gia st f(x) la mdt ham s6 xac dinh trén
K.

- Ham s6 f(x) goi la dong bién trén Knéu V x,x, € K: x; <x, = f(x)) < f(x,)

- Ham s6 f(x) goi la nghich bién trén K néu Vx,x, e K: x; <x, = f(x)) > f(x,)
b. Diéu kién cén
Gia st f c6 dao ham trén khoang K.
- Ham s6 f(x) khong déitrén K< Vx e K : f'(x)=0
- Néu f déng bién trén khoang Kthi f'(x)>0,Vxe K
- Néu f nghich bién trén khoadng K thi f'(x)<0,Vxe K
c. Diéu kién di
Gia str f c6 dao ham trén khodng K.
-Néuf' (x) >0, Vx e | (f'(x) =0 tai mot s6 hitu han diém) thi f d6ng bién trén K.
-Néuf' (x) <0, Vx e | (f'(x) =0 tai mét s6 hiru han diém) thi f nghich bién trén K.
- Néu f'(x) =0, Vx e | thi f khong d6i trén K.
1. 2. Mét s6 van dé khac
a) Pinh li vé diu ctia tam thirc bac hai: g(x) = ax® +bx+c (a#0)
+NEu A< 0thi g(x) luén cung dau véia.

+NEu A =0thi g(x) lubn cung diu véia (trir x = —i), g LA 0
2a 2a

+Né&u A >0 thi g(x) cé hai nghiém x,, x, va trong khodng hai nghiém thi g(x) khac d&u
V@i a, ngoai khoang hai nghiém thi g(x) cung dau vdi a.

a<0
A<0

a>0

Chay:-Néu y'=ax? +bx+c (a#0) thi: +) y'ZO,VxeR@{A<O

+) y‘SO,VxeR@{

-Néu A=0hay g(x)= a(x-a )2 thi g(x) khong ddi ddu khi qua o, dau cua g(x) phu
thudc déu cua a.

- Néu A > 0 thi g(x) d&i d&u khi qua x,,X, ( d6i tir+ sang — sang +, hodc dGi tir - sang + sang -)

b) So sdnh cac nghiém x,, x, clia tam thirc bac hai g(x) = ax® +bx +c V6isé 0:

A>0 A>0
+) x,<x, <0< P >0 +) 0<x, <x, <P >0 +) x, <0<x, & P<0
S<0 S$>0

¢) Ham s6 bac hai: y=ax+bx+c (a#0)

a>0 a<o0

D6 thi ham sé 1a mét parabol cé dinh D6 thi ham sé 1a mét parabol cé dinh
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2a 2a
A tai tai
Ymin =~ tal x=—— Yoy = —— tal x=——
min 4a 2a max 4a 2a
Bang bién thién Bang bién thién
4 'T % i i = ?r; +x
i1 kot ﬂ
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Dang d6 thi: Dang do thi:
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als d s |
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d) Ung dung trong giai toan
Cho ham sé y=g(x) xac dinh trén (a;b) va lién tuc trén [a;b]:

+) g(x)<m,Vx € (a;b) < r[ni)]( gx)<m;
+) g(x)>m,Vx e(a;b) & Embrﬁ gx)>m

e) Don diéu trén mdt khoang, doan
DE ham s6 y = f(x) dbng bién trén tap K nao dé thi ton tai khoang dé f/(x)>0 chira tap K.
DE ham s6 y = f(x) nghich bién trén tap K nao dé thi tén tai khoang dé f’(x)<0 chira tap K
Botro: - Tap (—0;a) la tap con cla tip (—oo;b) khiva chikhi a<b
- Tap (a;+o0) la tap con cla tap (b;+w) khiva chikhi b<a

c<

- Tap (a;b) la tép con cua tdp (c,d) khiva chi khi {b <d

1.3. Tinh don diéu caa ham thwong gdp

a) Ham s6 da thire bdc ba f(x)=ax> +bx> +cx+d (a#0):

a>0

A<0 ; nghich bién trén

o “Didu kién d€ ham s6 f(x)=ax> +bx*> +cx+d ddng bién trén R Ic‘v{

- fa<0
Rig {4<9~
G{Aso

o Hams6 f(x)=ax>+bx>+cx+d ddng bién ( nghich bién) trén K thi khodng ma f'(x)>0 (
f'(x)>0) cua ham sé phdi chira K.

b) Ham s6 phén thirc dang f(x) == b

(c#0,ad —bc#0)

~v
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(ad—bc <0)
e Diéu kién d€ ham sé dbng bién (nghich bién) trén trén (oc;+oo) la
ad—bc>0 (ad—bc<0)

o<——
C
o Diéu kién dé ham s6 ddng bién (nghich bién) trén trén (—oo0. ) Ié
ad—bc>0 (ad—bc<0)

o>——
c

+) D6i v6i ham hop y = f(g(x)), trong d6 ham u = g(x) xdc dinh va c6 dao ham trén (a;b), ldy gid
tri trén khodng(c;d); ham y = f(u) xdc dinh (c;d) va co dgo ham trén (c;d), lGy gid trj trén R.

g'(x)>0 VXe(a;b) . |g'x)<0 Vxe(a;b)
° éu hodc
f'w)>0 Yue(cd) f'w)<0 Vue(cd)

trén (a;b).

thi ham s6 y = f(g(x)) ddng bién

. ]8'0<0 Vxe(ab) . [g'(x)<0 Vxe(ash)
e Néu hodc
f'w>0 Vue(cd) f@)>0 Vue(ed)
trén (a;b).
2. CY'C TRI CUA HAM SO

2.1. Li thuyét
a) Binh nghia: Gid st ham s6 f(x)xac dinhtrén D, x, €D .

thi ham sé y = f(g(x)) nghich bién

- Diém x, goila diém curc tiéu cda ham s6 f(x) néu tdn tai s6 thuc duong h sao cho (xo —hyx, + h)
chiva trong Dva f(x)> f(x,), x € (xo —h;x, +h)\{x0}
Khi do:

+Gid tri f(x,) goila gid tri cuc tiéu clla ham sé.

+Diém (xo;f(xo))goi 1a diém cuc tiéu cha d6 thi ham s6 y=f(x).

+ Ham s6 dat cuc tiéu tai diém X,
- Diém x, goila diém cwc dai ciia ham sé f(x) néu tén tai sé thuc duwong h sao cho (xo —h;x, + h)
chiva trong Dva f(x)< f(x,), xe (xo —h;x, +h)\{x0}
Khi do: Gia tri f(x,) goi la gid tri cwc dai cla ham s6. Diém (xo;f(xo))goi [ diém cwc dai cta do thi

ham sé y=f(x).

+Gid tri f(x,) goi la gia tri cyc dai cla ham sO.
+ Diém (xo;f(xo)) goi |3 diém cyc dai cta d6 thi ham sé y=f(x).
+ Ham s6 dat cuc dai tai diém x|,

Chud y: Cuc dai, cyc tiéu goi chung 1a cyc tri
b) Dinh Ii:
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Diéu kién can: N&u ham sé f(x) dat cuc tri tai diém x, thi hodc khong ton tai f'(x,) hodc
f'(x))=0

Diéu kién di 1: Gia sir ton tai (a;b) c D chtt x, , ham s6 y=f(x) lién tuc trén (a,b) va c6 dao ham
trén moi khoang (a;xo),(xo;b)

« | SO<O0Vxelaxy) . e e s
Néu thi X la mot diém cuc tiéu cua ham so f(x)

(
£1(x)>0 Vxe(xq:b
(

L S @>0vxe(axy) e
o Néu thi xOIamotdlemcucdalcuahamsof(x)
£1(x)<0 Vxe(xq:b)

Diéu kién di 2: Gia sir ton tai (a,b c D chtt x, , ham s6 y=f(x) lién tuc trén (a,b) va c6 dao ham

cap 1 trén (a;b) va c6 dao ham cap hai tai x, - Khi do:

Néu S (%) =0 thi x, la mot diém cyc ti€u ca ham s6 f(x)
f'(x5)>0

e Né&u {;”(();00))2% thi x,la mot diém cuc dai cdia ham s6 f(x)

2.2. Mét s6 van dé khac

a) Ham sé da thire bdc ba f(x)=ax> +bx*> +cx+d (a#0):

az0 a=0

e Ham sé dat cuc dai tai x, khi: Af.(x)>0 hodc {b<0
frag)<0 |
2 0

az0 a=0

e Ham sd dat cuc tiéu tai x, khi: Af,(x)>0 hodc {b>0
f"(x9)>0 _C
2 Y

e Ham sé khéng cé cuc trie< @#0 hod {a U
Apixy <0 b=0

az0

Apiyy

e Phuong trinh dwong thang di qua hai diém cuc tri cla do thi ham so

e Ham sé cd cuc dai, cuc tiéu@{ 20

y= ax> +bx> +cx+d (a #* 0) . V&i diéu kién b* —3ac> 0, thuc hién phép chiay cho y’ ta
duocy = y’'(x).g(x) + Ax + B. Khi d6, dwong thang di qua hai diém cyctrilay = Ax +B
b) Ham s6 da thire tring phwong: f(x) = ax* +bx”> +¢ (a #0)
TH1: a=0
*) Néu b >0 Ham s6 chicd 1 cyc tiéu
*) Néu b <0 Ham sé chi cd 1 cye dai
*) Néu b =0 Ham sb khéng cé cuc tri
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TH2: a # 0. Khi dé: y'=4a)c3 +2bx=2x(2ax2 +b)

*) Néu a.b<0 thi ham s6 ¢6 ba cuec tri. Cu thé
a>0: Ham s8 cé 2 cuyec tiéu, 1 cuc dai
a<0: Ham s8 cé 2 cyc dai, 1 cyc tidu

*) Néu a.b>0 : Ham sé chi cé dung mét cuc tri
a>0: Ham s& cd 1 cuc tiéu
a<0: Ham sé ¢6 1 cuc dai

Tham khdo: Trwong hop d6 thi ham s6: y = ax* +bx> +c (a # O) c6 ba diém cuec tri

2 2
Ba diém cuc tri la A(O; c), B( ,/—zi c—i— va C(J—zi; c—i—J.
a a a

_ =
4

Khi d6 ta c6 AB = AC = b—gz"b va BC= |-22

16a a

Dang 1. D6 thi ham s6 y = ax* +bx? + ¢ ¢6 ba diém cuec tri tao thanh ba dinh cia mét tam gidc

ab<0

vuéng khi va chi khi {b3 00’
+8a=

Dang 2. D6 thi ham s6 y = ax* + bx? + ¢ ¢6 ba diém cuc tri tao thanh ba dinh cda mét tam gidc déu

khiva chikhi %0 <°
b +24a=0

Dang 3. D6 thi ham s6 y = ax* + bx? + ¢ ¢6 ba diém cuc tri A, B, C tao thanh ba dinh cia mét tam

ab<0
gidc cdn c6 mét goc BAC =a. cho trwdc khi va chi khi b +8a
cosa =
b> —8a

Dang 4. D6 thj ham sé y = ax* +bx> +c ¢6 ba diém cuctri A, B, C théa mén diéu kién BC =OA

ab<0

(vdi O la gbc toa do) khi va chi khi 5 .
ac“+2b=0

Dang 5. D6 thi ham s6 y = ax* +bx? + ¢ ¢6 ba diém cuctriA, B, C tao thanh ba dinh cda mét tam

ab<0
gidc cd dién tich la S cho trudc khi va chi khi g I

Dang 6. D6 thi ham s6 y = ax* +bx? + ¢ c6 ba diém cuc tri A, B, C tao thanh ba dinh cia mét tam

ab<0
gidc c6 bdn kinh dwong tron ngoai tiép la R khi va chi khi R— b’ —8a.
8|alb
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Dang 7. 6 thi ham s6 y = ax* +bx* +¢ c6 ba diém cuc tri A, B, C tao thanh ba dinh cia mét tam

ab<0
b2
gidc c6 bdn kinh dwong tron ndi tiép 1a r khi va chi khi 4a .
V= —
2
\ /1 b +1
8a

Dang 8. D6 thi ham s6 y = ax* +bx? +¢ ¢6 ba diém cuc tri A, B, C tao thanh ba dinh cia mét tam

3 _
gidc nhén géc O 1a truc tam khi va chi khi 10~ +8a—4abc=0
cz0
Dang 9. D6 thi ham sé y = ax* + bx* +¢ cé ba diém cuc tri A, B, C tao thanh ba dinh cda mét tam

3 _
gidc nhén géc O la tdm dwdng tron ngoai tiép khi va chi khi {b —8a—8abc=0

c#0
s e ya , ax+b R , .
¢) Ham sé phén thirc dang f(x) = (c#0,ad —bc #0) khéng co cuec tri
cx +
2
d) Ham s6 bdc 2/b3c1 y = ax+—bxb+c c6 cuc dai va cyc tiéu khi va chi khi phuong trinh y’ =0 cé
a'x+b'

1

hai nghiém phan biét khac _2,' Khi d6, phwong trinh duwong thang di qua hai diém cuce tri cla do
a

. » ax® +bx +c . 2ax+b
thihams6 y=—la y= .
a'x+b' a'
3. GIA TR] LON NHAT - GIA TRl NHO NHAT CUA HAM SO
3.1. Li thuyét

Giastr f xacdinhtrén DcR.Tacé

{f(x)SMVxeD o min () e

M =maxf(x) Néu

xeD E')CO EDIf()CO):M xeD E|X0 EDZf(XO)Zm.

{f(x) >mVxeD

3.2. Chu y: D& tim gid GTLN, GTNN cla ham s6 y = f(x) lién tuc doan [a;b], c6 dao ham trén
(a;b) va f'(x)=0 cé hitu han nghiém, ta lam nhu sau:

Tim cac diém X, Xy, .y X, thudc khoang (a;b) ma tai d6 ham s& f c6 dao ham bang 0 hodc
khong c6 dao ham.

B21ion (1), (1), £(5,) £(a), £(5)

So sanh céc gid tri tim duwoc & budc 2. S6 Ién nhat trong cac gid tri d6 chinh la GTLN cta f trén

doan [a;b}; s6 nhd nhat trong cdc gid tri d6 chinh 1a GTNN cla f trén doan [a;b} .

max f(x)zmax{f(xl),f(xz),...,f(xm),f(a),f(b)}.

xe|l ab

min f(x)zmin{f(xl),f(xz),...,f(xm),f(a),f(b)}.

xe| a;b

3.3. Quy wdrc. Khindi dén GTLN, GTNN cta ham s6 f ma khong chi rd GTLN, GTNN trén tap nao thi
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3.4. Chu y: Gid st f(x) la mét ham sé lién tuc trén mién D va tdn taimin f(x) = m; max f(x) =M . Khi
D D

do:
1) Phuong trinh f(x)=a. c6é nghiémtrénD < m<a <M.
2) BGt phuwong trinh f(x)>a ¢é nghiém trén D < M > ..
3) Bat phuong trinh f(x) <P c6 nghiém trén D < m < .
4) B4t phwong trinh f(x) > o dung véi moi xe D <> m > .
5) Bét phwong trinh f(x) < dung véi moi x € D < M < .
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4. TIEM CAN cUA PO THI HAM SO

Khai niém

Hinh anh minh hoa

1. Tiém can dirng:

Pudng thdng x = x,, (vudng goc
Ox) goi la tiém cén dirng cta d6
thi ham s&: y=f(x) Néu cé it nhat
mot trong cdc gidi han sau:

lim f(x) =40, lim f(x)=—o0,

X—)Xo x—)xo
lim f(x)=+0, lim f(x)=-o0,
x—x, XX,

X = Xxgthiy— o
_;,II".,- fll o ,l-".- . }\' o 7 e g
(R i Jr:ll.f ]

gui la tiém can di ny

Phuwong phap tim tiém can

B1. Tim tdp xac dinh

B2. Tim cac gia tri X ma tai
x, ham s6: y=f(x) khong xac
dinh.

B3. Tinh cac gidi han:

lim y=%40 & lim y =200
x—>x, XX,

B4. K&t luan.

2. Tiém can ngang

Ham s6 y = f(x) xdc dinh trén
mét khodng vé han (c6 thé 13
(—oo;a),(b;+oo),(—oo;+oo)
Pudng thang y =y, (vudng goc
Oy) goi la tiém cén ngang cta do
thi ham s&: y=f(x) Néu cé it nhat
mot trong cdc gidi han sau:

lim f(x)= yo’xl—i>r£100 fx) =y,

X—>+00

x — oo thi Y = Yo
'):;;;“- ,-f,. “-I‘“'f" -'-":,I’ y - _}"D

qoi la tiém ean nga ng

3. Tiém can xién

Ham sé y = f(x) xdc dinh trén
mét khodng vé han (cé thé 13
(—oo;a),(b;+oo),(—oo; +oo)
Puong thdng y=ax+b (a#0 )
goi la tiém cén xién cta do thi
ham s6: y=f(x) Néu cé it nhat mot
trong cac gidi han sau:

lim [ f(x)-(ax+b)]=0,

X—>+00

x—oothiy— (d)
»'J"Iijlff:'.r dé due ni (d} goi

B1. Tim tap xac dinh
B2. Tinh cac gidi han:

lim y=y, & lim y=y,
X—>+o0 X—>—00

B3. K&t luan

B1. Tim tap xac dinh
B2. Tinh cac gidi han:

lim [MJ =a
X—>+00 X hoac

lim (f(x)—ax)zb

X—>+00

lim [f (X)J =a
X—>—0 X

lim (f(x)—ax)zb

X—>—00

B3. K&t luan

lim [f (x)—(ax+b)]=0. li tiém eam ziém
X—>—0
Chuy:
. . ax+b , ., . . d ., R . a
1.Hams6: y = cotiémcandingla: x=—— ,tiémcanngangla: y=—
cx+d c c
. ax> +bx +c S e, R N o A s
2.HMs6: y=—=px+qg+ coé tiém can dingla: x =—— , tiém can xién la:
mx+n mx+n m

y=px+q
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3. lim
—>+0 m m=
x b,x" +b, x

4.Ham s8: y = f(x)=ax’ +bx+c (a>0) cé tiém can xién la y:\/;

anx"+an_1x"4+...+alx+a0 :{nSm: TCD & TCN
1+...+blx+b0 n>m:TCb & TCX

b
xX+—
2a

5.Ham s8: y = f(x) = mx+n+ pVax> +bx+c (a>0) c6 tiém cdn xién la

y:mx+n+p\/;

X+—
2a

mx+n

\/ax2+bx+c

6. Ham s6: y = chi cé tiém can ngang, c6 thé cé tiém can ding néu ax® +bx+c=0

c6 nghiém.

B& sung mot so kién thirc:

- Céng thirc khodng cdch: Duong thing Azax+by+c=0 (a2 +b? 2 0) va M(xo;yo) .

, ! ‘axo +by, +c‘

Khoang cach tlr M dén A la: d(M,A) \/7
Dic biét: - Duwong thang A:y =m thi ( , ) ‘ m‘

- Dudng thing A:x =n thi d(M,A) =‘x0 —n‘
- Céng thurc gicdi han:

. C : . 1 . ..
+ Gidi hantaivo cwc: Ilm —=0 vo”t(k >0) & lim x" = +o ncfzan , lim x" =400 vdine N
x—>to0 xk X—>—00 —on lé X—>+00
+ Gidi han mot bén: lim ¢ =[+OO Ne:,u ¢>0 & lim = [_Oo Ne:’u ¢>0
xx) X=X, -0 Néu c<0 xox; X=X, +00 Néu ¢ <0

5. TUO'NG GIAO HAI DO TH| HAM SO
5.1. Kién thire

Cho hai duwong cong:( ) y=f(x) va( ) y=2g(x)
+) Néu M(x,;,) la diém chung cua (Cl) va (Cz) <:>M(x0;y0) [a nghiém cha hé: {§ ig((j))

+ Hoanh d6 giao diém cla (C1) va (Cz)lé nghiém cla phuwong trinh: f(x) = g(x) (*)
+) S6 nghiém phuong trinh (*) bang s6 giao diém cua (Cl) va (Cz)

5.2. B sung mét sé kién thuc

a) Phwong trinh bdc 2
tnh- _ 2 _ L " A La . A>0
Phuong trinh: g(x)=ax” +bx+c=0 (a #* 0) c6 hai nghiém phan biét khac x, < {g(xo) 40
A=0
-Phuwong trinh: g(x) = ax> +bx+c=0 (a #* O) c6 nghiém kép khac x, < b 20
2a

-Phuong trinh: g(x)=ax” +bx+c=0 (a#0) vé nghiém <A <0

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 10
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b) Phwong trinh béc 3 hay twong giao dé thi ham da thic béc ba va truc Ox
Tuong giao cua d6 thiham bGc3y=a'x" +b'x" +c'x+d' (a' # 0) va truc Ox:
Phuong trinh hoanh dé giao diém: a'xP+b'x*+c'x+d'=0

Trwérng hop 1: Bién déi phwong trinh: a'x>+b'x* +¢'x+d'=0 thanh (x—oc)(ax2 +bx+c) =0
e Phuong trinh: (x—oc)(ax2 +bx+c) =0 cé ba nghiém phan biét << Phuong trinh:

ax? +bx+c =0 cé hai nghiém phan biét khac o .

e Phuong trinh: (x—oc)(ax2 +bx+c) =0 cé hai nghiém phan biét < Phuwong trinh:

ax’ +bx+c=0 cb nghiém kép khac o hodc cé hai nghiém phan biét trong dé cé mot
{AzO
nghiém bang o < g@)#0
{A >0
g@)=0

e Phuong trinh: (x—oc)(ax2 +bx+c)=0 chi c6 mét nghiém < Phuong trinh:

A=0
ax®> +bx+c=0 cb nghiém kép bang a. hodc vé nghiém < {g(oc) =0
A<O
Trwéng hop 2: Khong nhdm dugce nghiém o

S8 giao diém clia dd thi ham s6 y = ax® + bx? +cx +d (a # 0) va Ox bang s6 nghiém cta phuong

trinh: ax> +bx> +cx+d =0

e Chi c6 mét nghiém khi va chi khi: Ham s& ludn déng bién hodc luén nghich bién; hodc cé hai

Ay, <0
cue tri ndm vé cing mot phia déi véi Ox < Ay >0 trong do: x;,x, la nghiém cua
y(x).y(x,)>0

phuwong trinh: y'=0
e Chi c6 hai nghiém khi va chi khi ham s6 cé hai cuc tri, trong d6 cé mot cuc tri ndm trén Ox
A, >0 , . A § s '
. trong d6: x,,x, la nghiém cua phuong trinh: y'=0
y(x)y(xy)=0
e Chi cd ba nghiém phdn biét khi va chi khi ham s& ¢ hai cyc tri, trong d6 cé hai cuc tri nam
>0

Y trong dé: x,,x, la nghiém cta phuong trinh:
Y(x))-y(x,) <0 e

vé hai phia cla truc Ox < {

y'=0
BG sung: Phuong trinh dwong thang qua hai cuc tri (néu cd) 1a y =mx+n (Bidu thirc mx +n la da
thire du khi chiay cho y’).

Xét y':3ax2+2bx+c:0

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 11
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¢) Phuwong trinh béc bén tring phwong hay twong giao cta dé thi ham da thic béc 4 tring
phwong vac trucj Ox)

4 2 t=x">0 )
fx)y=ax" +bx"+c=0 (a¢0)<:> .t=x<:>x=i\/f
f(t)=0
S6 nghiém 4 3 2 1 0 CsC
P=0 A>0
A>0 P<0
- I:>>O {P:O A0 {S<0 P>0 {0<tl<t2
Diéu kién > =
i S>0 = S<0 t, =3t
S>0 {S/2>0 A=0 \/72 3\/7‘
S/2=0| |A<O

M6t sé kién thire hinh hoc bé sung:

- Cho: Z/Tl = (xl;yl),u2 = (xz;yz):> LZ@ = XX TV,

—_ 2 2
-Cho A, (x;53)), Ay (x559,) 1 AA, = (x2 BRIER) _y1)" A, :\/(x2 _xl) +(y2 _yl)
- Cho tam giac AA A, Ay trong d6: A (x;5¥,), Ay (X53Y,), Ay(x5;y5) khdng thang hang:
+Tam gidc AA A, Ayvubng tai A] < AjA, A/A; =0
A, Z‘A1A3‘
A4y = |4,4,

+Tam gidc AA /A A, déu <

1 1 abc

- Dién tich tam giac: S =—ha=—bcsinA=pr=——n~= —a -b —c

- g AABC T > Pr="% \/p(p )(p )(p )
6. HAM SO VA PO THI
6.1. B6 thi ham sé béc 3
D6 thi ham sé ludn cat truc Ox tai it nhat mot diém
D6 thi nhan diém [ —i;f _b la tAm d6i xirng

3a 3a

Bang bién thién va dang do thi

Truwong | a>0 a<0
hop
x| —= +o0 N - +
¥ + Y
y':O ¥y e A T
vé / "-—_.__‘___-__‘_-‘__h }
nghiém -
, R " i R * \ ' " . .4 "
*) Ham s6 ludn dbng bién trén R ) Ham s0 luén nghich bién trén R
v ~ ’ . * 3 o} O 0 i
*) Ham s6 khong cé cuc tri ) Ham s6 khdng c6 curc tri
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T

*) Ham s6 luén déng bién trén R
*) Ham s6 khdng cé cuec tri

*) Ham s6 ludn nghich bién trén R
*) Ham s6 khdng c6 cyec tri

—

y'=0
co // T
nghiém ] \
kép // \
/
W \
o \
\\
/
/ \
/ \
x| —m 1 X2 . x : Xl X I
y - 0 - 0 - ? - 0
1 R Y2
¥ Y1 0 ~ ___,.--""F h'*-\.‘
/ \ / h Wy - \RH';:-:-
— Y2
*) Ham s6 dong bién trén khoang *) Ham s6 nghich bién trén khoang
(o0 X, ) va (X,3+0). Ham s6 nghich bién (61X, )va (X,490). Ham 56 dong bién
y'=0 R
trén (X,; X, ). A .
132 t XX, ).
cohai | ( ) ) o ren ( 1 2)
nghiém ) Ham s6 dat cwc dai tai , , *) Ham s6 dat cuc dai tai
phan x=X,; yep = f(X}). Ham s6 dat cyc tiéu x=X; Yor = f(X,).Ham s6 dat cyc
biét tai x =X, yop = f(X;).

ti€u tai x=X55 Yep =f(X,).

\
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6.2. D6 thj ham s6 béc 4 triing phwong: f(x)=ax* +bx? +¢ (a #0)

e Viham sé 1a chan trén R nén do thi ludn nhan truc tung lam truc doi xirng.

e Ham sé ludn cé cyce tri (mot cue tri néu a.b>0 ; ba cuc tri néu a.b<0)

e Cé mobt cyce tri ludn thudc truc Oy. Trwdng hop cé 3 diém cuc tri thi ba diém cyc tri 1a 3 dinh
clia tam giac can.
Bang bién thién va dang d6 thj

Cac dang a>0 a<0
*) Don diéu *) Don diéu
Ham s6 déng bién trén cac khodng Ham s6 nghich bién trén cac khoang
—1/—3;0 va 1’—£;+00 —‘/—i;o va 1/—i;+oo
2a 2a 2a 2a
Ham sb nghich bién trén cac khoang Ham s6 déng bién trén céc khodng
—00; — /—i va | 0; b —oo;—,/—i va | 0; b
2a 2a 2a 2a
* Cwe tri * Cwc tri
C e b C e b
Ham so dat cuc tiéu tai : Xep =5 —— Ham so dat cuc tiéu tai : Xep =H|——
2a 2a
y=0c63 va yor =Y, = f(xop) .Ham s6 dat cuc Va yop =Y, = f(Xp) .Ham s6 dat cyc dai

nghiém phan
biét

< PT(*) co
hai nghiém
phan biét
khac0
<ab<0

dai tai Xcp =0 va Yep =Y, =c.

* Gidi han

-0 Néua<0
+0 Néu a>0

lim (ax4 +hx’ + c) = {
X——0
-0 Néu a<0

X—>+0 +0 Néu a>0

lim (ax4 +hx’ + c) = {

D6 thi ham sé khéng co tiém can

*) Bang BT
x| —m F ] F +ao
Y 24 " 2a

v’ 0o -+ 0 - 0 -

tai xCT=O va Yer =Y, =c.
* Gidi han

) -0 Néu a<0
lim (ax4 + bx? +c) = A,
X0 +o0 Néu a>0

lim (ax4 +bx? +c) =™ Néu a<0
x—>+0 +0 Néu a>0
D6 thi ham sé khéng co tiém can

*) Bang BT

x| —= P ] - +am

+a +a
\ Y2 /
1’1/ \ Y1

3. D6 thi

—x

SN

3. b6 thi
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]

N
N

y’ =0 chicé
1 nghiém

< PT (*) vo
nghiém hoac
chi c6 mét
nghiém bang
0<ab>0

*) Don diéu

Ham s6 déng bién trén cac khoang
(O;+oo) . Ham s6 nghich bién trén céc
khoang (—oo;O)

* Cwe tri

Ham s6 dat cyc tiéu tai x.. =0 va
Yer = Y2 =c.

* Gigi han

lim (ax4 +hx’ + c)

X—>—0

—o0 Néu a<0
+00 Néu a>0

lim (ax4 +bx? +c) {_OO Néu a<0

+0 Néu a>0

X—>+00
*) Bang BT
x| —m a 2
1] +
¥| += +@m

\Y/'

D6 thi ham sé khéng cé tiém can
3. D6 thi

¥y

s

N/

*) Don diéu

Ham s6 déng bién trén cac khodng
(—oo;O) . Ham s6 nghich bién trén cac
khoéng(O; +oo)

* Cwc tri

Ham s6 dat cuc tiéu tai x, =0 va
Yep = Y2 =c.

* Gigi han

lim (ax4 +bx? +c)

X—>—00

-0 Néu a<0
+00 Néu a>0

lim (ax4 +bx? +c)
X—>+00

*) Bang BT

-0 Néu a<0
+0 Néu a>0

x| —= ] =
0 +

¥

_n/ \. -

D6 thi ham sé khéng c6 tiém can
3. b6 thi

¥4

a

6.3.D6 thi ham sé phén thirc dang f(x) =

ax+b
cx+d

Bang bién thién va dang do thi

(c#0,ad —bc#0)

ad—bc >0

ad—bc <0

*)born diéu

N A , d) .
Ham s6 dong bién trén cac khoang [—oo;——j va

Cc

’ ’ , d
Ham s6 nghich bién trén cac khoang [—oo;——j

*)born diéu

Cc
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h

*) Cwee tri
Ham s khong cé cuec tri
*) Gig'i han

lim y=+40va lim y=-—o00 nénduong
=) =)
x— — x| —
C C

2 d . .
thang x =—— la tiém can ding
c

. a oo a \ 2
lim y=— va lim y=— nén duong thang
X—>—00 C X—>+00 C

a ... A
y=— la tiém can ngang
C

*) Bang bién thién :

X| —m d +x
[
¥ + +
:F /'_jD -
/e
=

\ [ d J
va | ——;+o
C

*) Cuec tri
Ham sb6 khong ¢ cuec tri
*) Gig'i han

lim y=-oova lim y=+o0 nénduong
=) )
x— — x> —
C C

2 d . ooa .
thang x =—— la tiém can dirng
c

. a . a \ 2
lim y=—va lim y=— nén duong thang
X—>—00 C X—>+00 C

a ... A
y=— la tiém can ngang
C

*) Bang bién thién :

x| —= _d_ +x
3. b6 thi
¥ 'L
RS
AW
[¥] \: x

7. BAI TOAN TIEP TUYEN

Dang 1. Phuong trinh ti€p tuyén cda duwong cong (C): y = f(x)tai tiép diém M (xo;yo) cé dang:

d:yzf‘(xn)(x—xO)ero

Ap dung trong cdc trwrong hop sau:

Trworng hop Cén tim Ghi chu

1. Viét phuong trinh ti€p tuyénd cta (C) tai | ,

diém M(xo;yo). Hé so goc: f (xO)

2. Viét phwong trinh tiép tuyén d cla (C) tai | Hé s6 goéc: f'(xo) Ti . = f'(xo)
vl 7 by n — v > 0

diém c6 hoanh d6 x = x Tung d6 tiép diém y, = f(xo) f(xo)

3. Viét phrrong trinh tiép tuyén d cGa (C) tai | Hoanh d6 tiép diém x,, Giai phuong trinh

diém cd tung d6 y =y, Hé s6 goc : f'(xo) yozf(XO)

4. Viét phuong trinh tiép tuyén d caa (C), | Hoanh dé tiép diém x Giai phuwong trinh

biét hé s6 géc k cla ti€p tuyén d. Tung d6 tiép diém y = f(x ) f'(xo) =k




Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool
Chu y: Goi k1a hé s6 goc cta duding thang d, va k, la hé s6 gbc clia dudong thang d,

Néu d, song song véi d, thi k, =k,
Néu d, vudng goc voi d, thi k .k, = -1
Dang 2 (tham khdao). Viét phuong trinh tiép tuyén cla duwong cong (C) di qua diém A(xl;yl)
Phwong phdp: Budc 1. Vist phuong trinh dudng thang d di qua diém A va cé hé s6 géc k
a’:yzk(x—xl)er1
Bwdrc 2. Tim diéu kién dé d |a tiép tuyén cla duwdng cong (C) :

f(x)zk(x—x1)+y1
f(x)=k 9

Buwdrc 3. Khir k, tim x, thay x vao (*) dé tim k, tir d6 suy ra céc tiép tuyén can tim

d tiép xuc vai duwong cong (C) < { ¢6 nghiém.
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B. MU - LOGARIT
1. Dinh nghia va cdc céng thure luy thira va mii

a) Liy thira
S0 mii o Cosoa Luy thira a*
a=neN acRr a* =d" =a.a.....a(n thira s6 a)
a=0 a#0 a* =a’ =1

x a_ -n_ 1
a=-n(neN) a#0 a’=a’=—

a
m S 0 m

oc—;(meZ,neN,n_2) a> a“za"zn/am ((’/_=b<:>b"=a)
oczlimrn(rneQ,neN*) a>0 a* =lima™

2. Cac phép todn: V&i a va b la nhitng s6 thyc duong, ava B 1a nhitng so thyc tuy y, ta c6

a*.aP =a**P a e @) =P =@P)*  (ab)* =a®b" [fja=£
aP b b*

3. So sanh:

Néua>1 thi ¢*>aP ca>p ; Néu O<a<l thi ¢*>d® <a<p

Véi0<a<btacd: a"<b" &m>0; a">p" <om<0

b) Cdan bdc n:

e Khdiniém : Cdn bacnchaalasd bsaocho b" =a.
e Vd&ia b>0,mne N* p, qec Ztacé:

Yab =4allp; d%;:ég<b>(»; Yar =(¥a) @>0)  WWa="4a
b
o Neul=-4 NVa? =Na? (a>0) Ddc biét (’/_zm\n/am
nom

- Néu n la sé nguyén duong & va a < b thi (’/; < ’\’/Z

- N&u n 1a s6 nguyén duong chdn va 0 < a < b thi Ya <4b .

Chu y: + Khi n 1&, mbi s6 thuc a chi cd mét cdn bac n. Ki hiéu Q/;.

+ Khi n chdn, mdi s& thyc dwong a cé ding hai cdn bac n 1a hai s6 d6i nhau, can cé gia tri
duong ky hidu 1a %a

N WZ{G khin le )

| kni n chén

2. Dinh nghia va cdc céng thirc Iégarit
*BPinhnghla: log b=0 < a” =b
*Phéptoan:Vdia, b>0; a#1; by b,>0; a € Rtaco:

logaI:O; logaa:]; 10gaah:b; alogab:b
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* Sosanh: Néua > 1thi log b>log c<b>c. NéuO<a<1thilog b>log cob<c

b
* Phép toan: log (bb,)=log, b +log b, log, (b_lj =log, b —log, b, log, b* =alog, b
2
*Poicosd: Vdia, b,c>0vaa, b+1,taco:
1 1
log, c= Og“ hay log, b.log, c=log, c logabz1 logdx c=—log, c (a#0)
g, og,a a

* Logarit thap phan: Igb=1logb=log,,b

n
* Logarit ty nhién (logarit Nepe):  Inb=1log, b (vOi e=1im(l+lj =2,718281...... )
n

3. HAM SO LOY THUA
*Dang: y=x%, aeR
* Tap xac dinh: D

e o nguyénduongthiTXDlaD =R

e o nguyén am hodc bang 0thi TXD laD =R\ {0}.

e o khdng la sé nguyén thi TXD |a D = (0; +0).
*Paoham: (*)'=0.x*"! (VxeD). @*) =au*"'u' véiu laham hop.
* Tinh don diéu : trén khodng (0 ; +0) ham s8 déng bién néu a >0 va nghich bién néu o< 0.
*Do thi :

e Ludn diqua diém (1; 1)

e 0 >0db thj khdng cé tiém can.

e 0. <0dbthjcdtiém can ngang la truc Ox, tiém can ding 13 truc Oy.
1
* Chd y: Ham sG y = x khong ddng nhét véi ham s6 y =Yx (ne N¥%).

(Q/;)IZ ! 1 (Vi x > 0 khi n chén va x= 0 khi n I¢) ((‘/;),: u'l
A\ x"” bl

4. HAM sO6 M0

*Dang: y=a" (a>0,a#1).
* Tap xac dinh: D=R.

* Tap gia tri: T = (0; +o0).

* Pao ham: (ex)l =e" (e”)l =e'u' (ax), =a*.lna (a”), =a"u'.lna
* Tinh don diéu:

e Khia>1ham s6 dong bién trén R.

e KhiO<a<1ham sd nghich bién trén R.
* Po thi:

e Ludn di qua cac diém (0; 1); (1; a)

e d6 thicd tiém can ngang la truc Ox.

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 19



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool

y x

/ - = \ |
—1 X I~ X
a>1 0<a<l

1 X X
- . -1
Chu y: Gigi han dac biét: lim(1+x)* = lim (1+lj =e lim ¢ =1

x—0 x—to X
5. HAM SO LOGARIT
*Dang: y=log, x (a>0,a#1)
* Tap xac dinh: D = (0; +x).
*Tapgiatri: T=R.

2 1 2 4
* Dao ham: (ln|x|) =— (x=0); (ln|u|) L
X u
log x| g x#0 log, |ul - u
(g” ) xna( ) (g“ ) ulna
* Tinh don diéu:
e Khia>1ham sd dong bién trén (0; +o0).
e KhiO<a<1ham sé nghich bién trén (0; +o0).
* PO thi:
e Ludndiquadiém (1;0)va(a;1).
e d06 thjco tiém can dirng la truc Oy.
y
y y=log.x y=logax

ul / X O_l\1 ;

O[l
im A+ %) _

Chuy : Gidi han dac biét: li
x—0 X

a>1 0<a<l1

1

6. PHUONG TRINH MU

b>0

6.1. Phuong trinh miico ban: Véia>0,a=1: a' = b
x=log, b

6.2. M4t sé phuong phap gidi phwong trinh mil

a) Pua vé cling co'sd: Véia>0,a#1: a’™ = a8 o f(x)=g(x)
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Chi y: Trong truding hop co' s6 ¢6 chira 6n s6 thi: o™ =d” < (@-1)(M-N)=0
b) Logarit hoa: o’ =b¥™) & f(x)=(log, b).g(x)
c) Bat an phu:

_ f(x)
e Dang 1: Pa’)=0 = {;{? O, t>0 trong d6 P(t) 1a da thirc theo t.
)=

f(x)
e Dang 2: o.a* ™ + B (ab)!® +yb* ™) = Chia 2 v& cho b*/ ™), rbi d5t 4n phuy 1 = (%}

' 1
eDang3: o/ +b'Y =m véi ab=1.D3t t=a/ = p/ ==
t

d) S& dung tinh don diéu cha ham sé

Xét phuong trinh: f(x) =9g(x) (1)
e Doan nhan xp la mét nghiém cuda (1).
e Dya vao tinh dong bién, nghich bién cua f(x) va g(x) dé két luan x, |a nghiém duy nhat:
e Néu f(x) dong bién (hodc nghich bién) thi f(u)=f(v)<u=v

Can nhé:

+) a>1: Ham s6 y =a” ddng bién (nghia la: Néu x, <x, = a™ <a™ )

+) 0<a<1: Ham s6 y =a" nghich bién (nghia la: Néu x, <x, = a™ >a™

+) Ham s6 y =f(x) lién tuc va cé dao ham trén .

- N&u f'(x)>0 thi ham sé dong bién trén I;
- N&u f'(x) <0 thi ham s6 nghich bién trén I.

+) Ham s6 y =f(x) lién tuc va c6 dao ham trén I. Néu y = f(x) luén dong bién hodc luén nghich
biénthi f(u)=f(v)=u=v

e) Dua vé phuong trinh cadc phwong trinh dic biét

A=0

B=0

A=0

B=0

f) Phwong phap doi 1ap : Xét phuong trinh: f(x) = g(x) (1)

» , . I fxy =M . fx)y=M
Néu ta chirng minh duoc: {g(x) <M thi 1) < {g(x) Yy

g) Phwong phap phan tich thanh tich:

e Phwong trinh tichAB=0< [

e Phuwong trinh A2+B*=0 <:>{

vV=-a
uv+au+bv+ab=0c>(v+a)(u+b):Oc{ ]
U=-—
7.BAT PHUONG TRINH MU
Khi gidi cac bat phuong trinh mii ta can chd y tinh don diéu cia ham sé mdi.
{a >1
@O s g8 o | LF()>8(X)
O<axl
f(x) < g(x)

Chd y: Trong trudng hop co' sé a cé chira én sé thi:
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¥ >ad" s @-1)M-N)>0
8. PHU'O'NG TRINH LOGARIT:
8.1. Phuwong trinh logarit co' badn: Véia>0,a = 1: log, x=b< x= a’

8.2. Mt s6 phuwong phap gidi phuong trinh logarit
8.3. Dang co’ ban
Dang 1: Phuong trinh dang log  f(x)=1log g(x); O0<a=#1

Phuong phdp gidi:

_ f(x)=g(x)
log,, f(x)=log g(x)< {g(x) >0

Dang 2: Phuong trinh dang : log, f(x) =0
Phuwrong phdp gidi:

Phuong trinh log, f(x)=b< f(x)=a”
Dang 3: Phuong trinh c6 dang

log, f(x)=log, g(x) (0<a,b#1)

Phwong phdp gidi:

fx)=d

+) log, f(x) =log, g(x)<= { .
gx)=>b

Khir 4n x dé dua vé phuong trinh mii 4n t.
+) logf(x) g(x)=ae {g(x) - [f(x)]

J(x); g(x)>0; f(x)=1
Dang 4: Phuong trinh dang

r=1
# f(log,x)=0(0<az1) < {f(t)offbx

t=log g(x)
+) fllog, g(x)|=0(0<a#1) < y
[log, 8(x)]=0( ) S 1 5(1)=0
8.4. Mot sé phuong phap gidi phwong trinh mii:
a) Phuong phap dua vé cung co’ s6
Can nhd cac cong thirc bién déi sau:

m l n —
+ _ a - n —nx
1. a""=a"a" 2. """ ="0— 3.a"'=— a4 a"xz(ax) 5 a"=Va* 6.a " =——

b) Phwong phap légarit hoa
S dung mot s6 cong thire sau:

1. log, (x.y)=log, x+log,y (x.y>0.0<a=1)2. 1oga(£j=1ogax_logay (x,y>0,0<ax1)
y

3. log, x* =alog,x (x>0,0<a=1) 4.10gax:llogax (x>0,0<a#lo#0)
@ a

5. log,b=—<— (0<a,c#1Lb>0) 6. logﬁxo‘:glogax (x>0,0<a¢l,[3¢0)
log. a a B

Cha y:log, x*" =2nlog, x| Vx#0
c) Phwong phap dat an phu
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+ Ddt an phu hoan todn:
Can nhé mot sé céng thirc sau:

log, b= log,.b

log.a
Dat r=1log, x . Mot s6 cong thirc bién doi

(0<a,c#1,b>0), log, x* :%logax (x>0,0<a=1p #0)

+ DGt an phu khéng hoan todn

S dung biét thirc o cho tam thirc bdc 2 4nt, trong d6 ¢ = log, x dé phan tich thanh tich

d) Phurong phép str dung tinh do'n diéu cia ham sd

Can nhé:

+)a>1: Ham s6 y =log x dong bién trén R, (nghfala: Néu 0 < x, <x, = log_x, <log_x, )
+) 0<a<l: Ham s6 y =log_x nghich biéntrén R, (nghfala: Néu 0 < x, <x, = log_x, >log,, x,
+) Ham sd y =f(x) lién tuc, cé dao ham trén I.

-NE&u f'(x)>0 thi ham sé dong bién trén I;

-Néu f'(x)<0 thi ham sé nghich bién trén I.

+) Ham s y =f(x) lién tuc va c6 dao ham trén I. Néu y = f(x) luén déng bién hoac luén nghich
biénthi f(u)=f(v)=u=v

1

u

+) Pao ham: (loga u)' = 1
uina

e) Phuwong phép d6i lap: Gia st can giai phuong trinh: f(x) = g(x) tachira: Jf(0=M
g)sM
gx)=M
f) Phwong phap phan tich thanh tich:

khi d6: f(x)= g(x) < {f (x)=M

uv+au+bv+ab=0 <:>(v+a)(u+b) =0 [V -
u=-b
Chuy:
e Khi gidi phuong trinh logarit cén chu y diéu kién dé biéu thirc cé nghia.
e Véia b c>0vaa b, czl: a°%C =,
9. BAT PHU'O'NG TRINH LOGARIT:
Khi gidi cac bat phuong trinh logarit ta can chu y tinh don diéu cdia ham s6 logarit.

{a >1
log, £(x)> log, g(x) & | L/ (V) > 8()>0
O<axl
{0 < f(x) < g(x)
Chd y: Trong trudng hop co' sé a ¢é chiva én sé thi:
log, A

log, B>0< (a-1)(B-1)>0;
log,

>0 (A-1)(B-1)>0.

10. MOT SO BAI TOAN THY'C TE
10.1. LAl PON
S6 tién 13i chi tinh trén s6 tién gdc ma khéng tinh trén sé tién 13i ma sd tién gdc sinh ra
Cong thirc tinh laidon: 7, = M(1 + r.n)
V&i T, s6 tién ca von 1an 13i sau n ky han ;
M : s6 tién vén ban dau.
r : L3i sudt dinh ky ( tinh theo % )
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n : s6 ky han tinh 13i.
10.2. LAI KEP
S6 tién 13i khdng chi tinh trén sé tién gdc ma con tinh trén s6 tién 13i do sé tién gdc sinh ra thay d6i
theo tirng dinh ky.
a) Lai kép giri mdt lan:  Cong thirc tinh ldikép: 7, = M(1 + r)’
V&i Ta: s6 tién ca von 13n 13i sau n ky han ;
M : s6 tién vén ban dau.
r : L3i suat dinh ky ( tinh theo % )
n : s6 ky han tinh I3i.
b) L3i kép, gtri dinh ky :
*Trrorng hop 1 : Tién duoc givi vao cudi moi thdng
Cudi thdng thw nhdt ngudi dé bat dau giritién : Ti=M

Cudi thdng thi hai ngueido cé sé tién la : M(1 +r) + M = M[(1+r) + 1] = M[(1 +7r)? —1]
r
I , NP / | 2 M 3
Cudi thdng thu ba ngudido co sé tién la : —[(1+r)” —1](1+r) + M= —[(1+r)” —1]
r r

Cudi thdng thir n ngudidé co sé tiénla : T, = %[(1 +r)" 1]
*Trwong hop 2 : Tién dwoc guvi vao ddu méi thdng
Cudi thdng thi n ngudidd co sé tiénla : T, = %[(1 +r)' =111 +7)
c) Vay tra gép : Vay A, |di sudtr, s6 ki vay n, trd hangki: M
T, =A(1+r)" —%[(1+r)” -1
d) Tang lwong : Khai diém A, ti 1é tang hang ki : r, s6 1an tang lvong : n

. . A . s s s
Tongtién: T =—[(1+r)" —1] va tién lvong & ki tdng lvong thi n 13 T = A(l + r)n
r
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C. NGUYEN HAM, TiCH PHAN VA U'NG DUNG TiCH PHAN

I. LI THUYET NGUYEN HAM, TiCH PHAN
1. Nguyén ham co ban

I(ax+b)a dx =

1{ax+b ot
— 1 +c,0 #—1
a\ o+

jcos(ax+b)dx =lsin(ax+b) +cC
a

I dx :lln|ax+b|+c +c jsin(ax+b)dx:icos(ax+b)+c
ax+ a a
Ieax+b dx :le“’”b +c jtg(ax+b)dx :—lln|cos(ax+b)|+c
a a
J‘ma“hdx:;m“““rc fcotg(ax+b)dx=lln|sin(ax+b)|+c
alnm a
I dx =larctg£+c zd—xz_—lcotg(ax+b)+c
aA+xt a a sin? (ax+b) @
I dx :ilna-'-x Zd—letg(ax+b)+c
@ —x* 2a la-x cos” (ax+b) a
[ 2, 2
j dx zln(x+\/x2ia)+c J'—dx :_llna+ X ta c
\/xzira x,x2+a2 a X
I‘Lzlln tgax+b +c J.ln(ax+b)dx=(x+éjln(ax+b)—x+c
sin(lax+b) a a

™ (acosbx + bsin bx)

Ie“x cosbhxdx = —
a +b

dx l In

J- _ ax+b
sin(ax+b) a

tg

e™ (asinbx —bcosbx)

a’> +b?

Ie“x sinbxdx =

=1In +C

dx X T
.[ tan| —+—

=1In +C

J-dx

X
- tan—
sin x 2

cos x
/ x | a /
J. x2+a2dx=§ x> +a’ +§ln x+Vx% +a’

+C

J.\/xz —azdng\]xz —a® —gln x+Vx?-d?

+C

2. Tich phan

b
F(b) — F(a) duoc goi | tich phén cia ftir a dén b va ki hiéu la f JfOo)dx :

Cho ham s6 f lién tuc trén K va a, b € K. Néu F la mét nguyén ham cla f trén K thi:

b
[ fx)dx = F(b) - F(a)

a

e DGi vdi bién sé 1@y tich phdn, ta cd thé chon bét ki mét chi¥ khdc thay cho x, turc la:

b b b
[ fox =] (ot = | f(du=...= F(b)~ F(a)

e Y nghia hinh hoc:

Néu ham sé'y = f(x) lién tuc va khéng dm trén doan [a; b] thi dién tich S cda hinh thang cong gidi han

b
béi db thi cia y = f(x), truc Ox va hai duong théng x = a, x = b la: |S = [ f(x)dx
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3. Tinh chét cuda tich phan

0 b a b b
o [f(x)dx=0 o [ fQx)dx=—] f(x)dx o [Kf(x)dx =k f(x)dx (k: héng s6)
0 a b a a
b b b b c b
o [[f)+gnldx = [ flx)dx+ [ gxddx o [ f(x)dx= [ fx)dx+ ] f(x)dx

b b b
® Néu f(x) 2 0 trén [a; b] thi [ f(x)dx>0e Néu f(x) = g(x) trén [a; b] thi [ f(x)dx > [ g(x)dx

b
o Néum< f(x)<M trén [a; b] thi m(b—a) < j F(x)dx <M(b-a)

4. Phuong phap tinh tich phan

b u(b)
a) Phurong phdp déi bién s6: || f[u(x)]u'(x)dx = [ f(u)du| trong d6: u = u(x) c6 dao ham lién tuc

a u(a)
trén K, y = f(u) lién tuc va ham hop flu(x)] xdc dinh trén K, a, b € K.
b) Phwong phdp tich phén tirng phén

b b
9 4 Ve Y on Py Ny b
Néu u, v la hai ham s6 ¢é dao ham lién tuc trén K, a, b € K thi: judv = uv‘a _.[Vd“
a a

Chu y: — Can xem lai cdc phwong phdp tim nguyén ham.

b b
— Trong phwong phdp tich phén tirng phén, ta cdn chon sao cho Jvdu dé tinh hon j udv.
a a

b
— Khi tinh I f (X)dx cdn chi y xem ham s6'y = f(x) 6 lién tuc trén [a; b] khéng ? Néu cé thi
a

dp dung phwong phdp da hoc dé tinh tich phdn. Néu khéng két luén tich phdn khéng toén tai.
Il. PHUO'NG PHAP TiNH TiCH PHAN
Phuong phap 1: Tinh tich phan bang phwong phap ddi bién

b b u(b)
Dang 1: Gid st can tinh tich phén: .[f(x)dx .Néu f(x)= f[u(x)].u'(x) thi : ff(x)dx = j f(u)du
a a u(a)

b
Dang 2: Gig st cén tinh tich phdn: j f(x)dx . Nhwng tinh theo dang 1 khéng duworc, luc nay ta chuyén
a

vé ham lwong gidc. Ta thudng gdp cdc dang sau:

J\jaz — x%dx
J.;dx
Va? —x?

bat x :|a|sint hodc dat: x = |a|cost
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I\]az +x2dx

J‘;dx bat x = |a| tant  hodcddt: x= |a|cott
a’ +x°
1
—dx
J‘az +x?
I\/xz—azdx | | | |
1 pit x =2 hogc dit x = —2
_[ dx sint cost
.X2 —612
DANG CACH DOI BIEN
[ f(ax+b)dx pit t=ax+b
[ o™ .x"dx Pt 1= x""
d.
ff(\/;)T); pit r=+/x
jf(sin x)cos xdx Pt r=sinx
jf(cos x)sm xdx bat r=cosx
jf(tanx ; f(tanx)(l+tan2 x)dx bat r=tanx
cos” x
jf(cotx) 5 jf(cotx)(l+cot2 x)dx bt r=cotx
sin” x
jf(ex) e*dx Pit 1= e
jf(lnx)d—x Dit t=Inx
X
jf(xilj.(xilex Détt:xil
X X X

Phwong phap 2: Tinh tich phan bang phwong phap tich phan tirng phan

Vi P(x) la da thire Gn x, ¢6 cdc dang sau:

b b b b

IP(x).exdx IP(x).cos xdx IP(x).sin xdx JP(x).ln xdx
Dat u = P(x) P(x) P(x) Inx
Dat dv = e dx cos xdx sin xdx P(x)

Thir ty wu tién dat u trong phuong phdap Nguyén ham tirng phan:

A . sin x,cos x
Légarit — Pathic — [ B

e

IV. TICH PHAN HAM HO'U Ti

(Ham lugng giac)

(Ham mu)
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- Logi 1: Néu bdc cta P(x) > bdc ctia Q(x) thi ta thuc hién phép chia da thirc.
- Logi 2: Néu béc cua P(x) < bac cua Q(x) va Q(x) cé dang tich nhiéu nhén tw thi ta phdn tich f(x)
thanh téng cla nhiéu phdn thire (bdng phwong phdp hé sé bat dinh).
Cdc dang dlung phééng phalp hed sod badt ionh thuo'ng gdap:

Dang 1: M3u s6 cé nghiém don:

P(x) _ P(x) _ A N B
Ox) (x—a)x-b) x—a x-b
P(x) _ P(x) A N B C

O(x) (x—a) x-=b)(x—c) - x—a x—b+(x—c)

Dang 2: Mau s8 cé nghiém don va bac 2 vo nghiém:
P(x) P(x) A N Bx+C

= = ViA=b*—4ac<0
Q(x) (x—m)(ax2+bx+c) x=m  gx?4bx+c

Dang 3: Mau s6 c6 nghiém boi:

P(x) _ P(x) _ A N B
Q(x) (x—a)2 (x—a)2 r-a
P(x) _ P()c)3 _ A _+ B - C
Q(x) (x—a) (x—a) (x—a) x—a
P(x) P(x) A B C D
= = + + +
0(x) (x—a)’(x—b)? x—a (x—a)® X—b (x-b)®
P(x) P(x) A, B _C D E

= = + +

) (x-a)Y(x-by° x-a (x-a) X-b (x-b? (x-b)
- Loai 3: Mot s& nguyén ham ta dung phuong phap déi bién hodc tirng phan
V. TiCH PHAN HAM VO Ti

+ Dang 1: f(x)zR(x,max-i-bJ — dat: t:m‘faerb
cx+d cx+d

+ Dang 2: f(x):R(;J —dat:r=x+a+VJx+b
J(x+a)(x+b)

+ Dang 3: f(x)=R(x,\"/ax+b,m\/ax+b) —dat: t=""ax+b
JVaz—xzdx

+ Dang 4: 1 bat x:|a|sint, —EStSE hoaéc: x:|a|cost, 0<t<mn
[——=udx 2 2
2 2
a“—x
I\/a2+x2dx . .
+ Dang 5: J. 1 bat x:|a|tant, _E<t<5 hoaéc: x:|a|cott, O<t<m
——dx
a* +x?
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at+x

dx

a—x

a—x
I a+xdx

+ Dang 7: J‘J(x—a)(b—x)dx Détx=a+(b—a)sin2t

VI. TiCH PHAN HAM LUQONG GIAC

+ Dang 6: Ddt x =acos?2t

J sin ax.sin bxdx
Dang 1: Cac dang: Jsin ax.sin bxdx
j sin ax.sin bxdx

cosa.cosb = %[cos(a - b) + cos(a + b)]

Phwong phép giai: Dung céng thirc bién déi thanh téng: < sina.sinb = %[cos(a - b) - cos(a + b)]
. 1
sina.cosb —E[S )

in(a—b +sin(a+b)]
. Isin” axdx
Dang 2: {J cos” axdx (n - N)

+Vé&inlé: j sin” axdx = J.sin"_l ax.sin axdx :f sin" ! ax.sin axdx

n-l n-l
_ .2 2 . _ 2 2 : 4.
= |(sin” ax .sinaxdx =|(1—cos” ax .sinaxdx. Dat:u=cosx

jcos" axdx . Phén tich nhw trén sau dé dét: u=sinx

.. ¢ , . , . 1+ cos2ax . 1—cos2ax
+ V@i n chan: St dung céng thirc ha bac: cos’ ax = T ; sin® ax = T
Dang 3: Isin” ax.cos” axdx (n, m e N)
+Vé&inléhaymlé : nlé D3tu=cosax ; mlé Ditu=sinax
+Vé&invamchan: S dung cong thirc ha bac:
5 1+ cos2ax .2 1—cos2ax . 1.
cos“ax=———; sin“ax=——————; SsInXx.CoSx=—sSIn2x
2 2 2
1
Dang 4: 1+c?sax
—dx
1—cosax
2 ax 2 ax

Str dung cbng thirc: 1+ cosax =2cos 5 va 1—cosax =2sin 5

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 29



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool

) . T
sinatcosa= 2sm(aizj

- , ) T
Cannhd: <sina-+cosa=+2 cos(a —Zj

) b
sina+cosa =—V2 cos a—Zj
1
Jo—dx
Dang 5 sinax .
ang 1
[——dx
cosax
1 sinax sinax
Phwong phap: j - dx-j 5 dx j—dx Dat u=cosx
siax sin” ax 1—cos” ax
1 )
I dx = J.cosaxd I cosc;x dx .Dat u=sinx
cosax cos’ ax 1—sin” ax
1
[ —dx
Dang 6: smlax (neN)
I4dx
cos” ax
Phuwong phap:
1 1 "2
dxzj > dx=j(1+tan2ax) 2 dx ;bat u=tanax.
sin” ax 5 "2 sin” ax sin” ax
(sin ax)
n-2
1 1 1 - .
dx=j 5 dxz_[(1+cot2ax) 2 ! dx; Pat u=cotax
cos” ax 5 "2 cos” ax cos” ax
(cos ax)

_ Itan” axdx
Dane 7: Icot” axdx (n - N)

Phwong phap: + Bién d8i sao cho tan” ax lam thira s6 chung

1
+ Thay : tan’ ax = -1
cos” ax
tan”
ax .
Dang 8: { COS ax (neN) . Phuong phap: dat u =tanax hodc u=cotax
cot” ax
dx
sin” ax
dx

Dang 9: f

a.sinx+b.cosx+c
Cach 1: Phuong phap chung:
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_ 2dt

1+42

dx

. X
Pat : t:tanz =

. 2t -
sinx = i cosx = 7 tanx=—
1+7¢ 1+1 1-t
Cach 2: Phuong phap rieng: Néu ¢ =va’ +b° .
B 1 1 1 1
Ta cod: — b = =2—. .
asinx+bcosx+c c[1+cos(x—oc)} C ol X

Trong dé : sina = cosao =

a ) b

Khidé:I:ijLzltan Al FFe
2c 2X—0 ¢ 2
COoOS —

Dang 10: Ja.sinx+b.cosxdx
) “Jesinx+d.cosx

a.sinx+b.cosx A+ B(c.cosx—d.sin x)
c.sinx+d.cosx c.sinx+d.cosx

Sau dé dung déng nhat thirc tim A, B.

Phuwong phdp: Phan tich

a.sinx+b.cosx+m
Dang 11: j : dx
c.sinx+d.cosx+n

Phuong phap:

Phan tich

a.sinx+b.cosx+m:A+B(c.cosx—d.sinx)+ C
c.sinx+d.cosx+n csinx+d.cosx+n c.sinx+d.cosx+n
Sau do dung déng nhat thirc tim A, B, C.

dx
sin(x+a)sin(x+b)

Dang 12: f

Ta thuc hién theo cac budc sau :

+ Budc 1: S& dung dong nhat thirc: 1= sin(a—b) = sin[(x+a)—(x+b)}

sin(a—b) (a-b)

+ Budc 2: Taduoc:

I dx ~ 1 J‘sin[(x—a)—(x—b)]

- sin(x+a)sin(x+b)

sin(x+a)sin(x+b) sin(a—b) dx

sin(x+a)cos(x—b)—sin(x—b)cos(x—a)

_ 1 [ dx
sin(a—b) sin(x+a)sin(x+b)
__ 1 jc?s(x+b)dx_c?s(x+a)dx
sm(a—b) sm(x+b) sm(x+a)
_; . B ) B 1 |sin(x+b)|
= sin(a—b) [ln‘sm(x+b)‘ ln‘s1n(x+a)u = sin(a—b)ln‘sin(vaa)‘JrC
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* Chu y: phworng phdp trén ciing dwo'c ap dung cho cdc dang tich phédn sau :

dx , . L sin (a b)
f )

str dung dong nhat thirc: 1=

cos(x+a)cos(x+b) sm( -b
dx o cos(a=b)
'[sin(x+a)cos(x+b) str dung dong nhat thirc: 1= cos(a—b) .
Dang 13: J.L
sin x +sino

* DUng cdng thirc téng thanh tich bién d&i vé dang 12 rdi giai binh thudng.
* Chuy : Phuong phap trén cling ap dung cho cac dang tich phan sau :
sin x +m

7
COsXx +cosa cosx+m

a, sin” x + b, Sin x coS x + o cos x
Dang 14: I

X .
a, smx+b2 COS X

+ Bién déi :

a, sin” x + b1 Sin x cos x +¢ cos® x = (A sin x + B cos x)(a2 sin x + b2 cosS x) + C(sin2 X +cos’ x)

(A sin x +Bcosx)(a2 sinx+b2 cosx)+C(sin2 X +cos’ x)

+ Khi do: | :
a251nx+b2 cos x
. d
=_[(As1nx+Bcosx)+Cf - al
a, sin x + b, cos x
. C dx . C x+a
=—Acosx+Bsinx+ I ( =—Acosx+Bsinx+ In|tan 2 |+C
2 27sin|lx+a 2 2
\/a2+b2 ) \/a2+b2
b a
Trong dé : sina =——2 . cosq=———=t.
ﬂa§+b22 ,/a§+b§
dx
Dang 15: j
) . 2
asin” x+bsin xcosx +ccos” x
g d d
+ Bién doi vé dang : I a =J a
.2 . 2 2 2
asin” x+bsin x cosx +ccos” x (atan x+btanx+c)cot X
" 2 dt
+D3t: (=tanx = di =—— dx=(1+tan x)dx: 142 )dy o dv =2
cos” x 1+£2
dx dt
+Khi dé | . —=]— .
asin® x+bsin xcosx+ccos” x at“ +bt+c
Dang 16: A1.1 =_|'(sinx)Il dx ; Al.zj(cosx)Il dx
1. Cong thirc ha bac
.2 1—cos2x 2 I+cos2x . 3 —sin3x+3sinx 3 cos3x+3cosx
sin sz;cos x:T;sm x= 1 ; COS x:f
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2. Phuwong phap

2.1. Néu n chan thi st dung cong thirc ha bac

2.2. Né&u n = 3 thi st dung cong thirc ha bac hodc bién d6i theo 2.3.
2.3. Néu3 <nlé (n=2p+1) thi thyc hién bién d6i:

A1.1 = J'(sinx)n dx = j(sinx)zml dx = .[(sin x)2p sin xdx = —J'(l —cos? x)p d(cos x)

——J[CO C1 cos® x+...+(— 1) Ck(coszx)kJr +(=1)” C”(cos x) }d(cosx)

’
| 0 cosx—Lct cos3x+...+(_1) c* (cosx)2k+l+...+(_1) c? (cosx)"* | +e
P 3 P 2k +1 P 2p+1 p

A,= I(cosx)n dx = J.(cosx)2er1 dx = I(cos x)2p cos xdx = I(l —sin? x)p d(sin x)

_J[CO C1 sin” x+.. (= 1) Ck(smzx)k+ A= 1) Cp(sm x) }d(smx)

k

— 2k+1 - 2p+1

= Cosinx—lCl sin3x+...+ﬂCk(sinx) i +...+( 1) C”(sinx) P +c
P 3°F 2k+1 P 2p+1 °

Dang 17: B= jsinmx cos"xdx (m, neN)

1. Phuwong phap:

1.1. Trworng hop 1: m, n lé cdc s6 nguyén

a. Néu m chan, n chan thi st dung cdng thirc ha bac, bién déi tich thanh téng.
b. Néu m chan, n & (n =2p +1) thi bién déi:

2p+1

B= I(sinx)m (cosx) dx = I(sin x)m (cos x)2p cosxdx = j(sin x)m (1 —sin? x)p d(sin x)

k
=J(sinx)m[C2—Cll]sinzx+...+(—1)k Ck(sinzx) I () L Cp(sm x) }d(smx)—
2k+14+m

( . )m+1 ( . )m+3 ( ) ( )2p+1+m
CO Sin x —Cl sin x ( 1) Ck sin x +( l)p Cp sin x te
P om+1 P m+3 P 2k+1+m P 2p+14+m

c. Néu m chan, n1é (n =2p +1) thi bién déi:

B= j(sinx)zml (cosx)n dx = J'(cosx)n (sin x)2p sin xdx = —.[(cos x)n (1 —cos? x)p d(cosx)

=—I(cosx) {CO C1 cos? x+...+ (- 1) Ck(cos2x) Fo+(= 1) C”(cos x) }d(cosx)—

2k+1+n 2p+l+n
eoleos)™ L Geos)™ e feos) L) o (eos) }c

n+3

P op+l P n+3 P 2k+1+4n P 2p+l+n
d. N&u m |&, n |& thi sir dung bién d6i 1.2. hodc 1.3. cho s6 mii |é bé hon.
1.2. Néu m, n la cdc s6 hivu ti thi bién déi va ddt u = sinx ta co:

n-1 m—1
B:jsinmxcos" xalxzj‘(sinx)m(cos2 x) 2 cosxdxzjum(l—uz) 2 du (*)
m+1 n—-1 m+k

e Tich phéan (*) tinh dugc < 1 trong 3 s6 5 ; 5 ; 5 Ia s6 nguyén

Dang 18: C, | =.[(tg x)n dx;Cy , =.[(cotg x)n dx (neN)

1. Cong thirc sir dung
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o J‘(1+tg2x)dx:.[&zzjd(tgx)=tgx+c
cos” x

.I(1+c0tg2x)dx=—j dx z—jd(cotgx)z—cotgx+c
sin” x
Itgxd J-smx :—jmz—lnkosxhc
cosx cosx
. Icotgxdxzjc?sxdx:J‘d(éinx) :1n|sinx|+c
sin x sin x

Dang 19: D

) gy, pleoted)”
4.1 n >T4.2 . n
(COS X) (sm X)

1. Phwo'ng phap: Xét dai dién D, , =j (tgx) - dx
(cosx)
1.1. Néu n chén (n = 2k) thi bién déi:

o= (L] "’2 e (1) )

(cosx) cos” x cos” x

m+l m+3 m+2p+1 m+2k—1
t t t g\t
=Y (tgx)" +C}_, (tgx) ~ +..+CP —( ) C,’j_ll —( 2x) +c
m+1 m+3 m+2p+1 m+2k—-1
1.2. Néum lé, n Ié (m = 2k +1, n = 2h +1) thi bién déi:
(t x)2k+1 w1 V" tex K1 V" sinx
—jg—dx='[(tgx) [—j 2% = j(tgz x) [ j dx
(cosx)2h+1 cosx/ cosx cosx/) cos?x
k 2h
k 1
=j[ ! —lj ( ! j d( ! jzj(uz—l) udu (& day u=
cos? x Cos X CoS X cosx
| ~0( 2V 2) ! P 2 )P k k
[ Q) —cl?) w0 e (2) T () CF Jdu
2k+2h+1 2k+2h-1 2k+2h-2p+1 2h+1
_ ol R L et () o/ L
2k +2h+1 2k +2h— 1 2k+2h—-2p+1 2h+1
1.3. Néu m chdn, n 1é (m = 2k, n = 2h + 1) thi si¥ dung bién doi:
2k 2k
B (tgx) B (sinx) CosX .. _ (smx) . (.
D, , —j S —f 2(k+h+l) j P 1d(smx),(u—smx)
(cosx) (cosx) 1—sin x)
D - u*kdu _ u*k=2 [1—(1—142)]6{ _ 2 du 2 du
4.1 _I 5 \erhl _I 5 \erhl u—j S\l 5 \eHh
(1—u ) (l—u ) (1—u ) (1—u )

Hé thirc trén 13 hé thire truy hoi, két hop vdi bai tich phdn ham phan thirc hiru ti ta c6 thé tinh duorc
Da.1.

Dang 20: Sir dung cong thirc bién dadi tich thanh téng

1. Phuwong phap:
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Es = j(cosmx)(cosnx)dx =%J‘[cos(m—n)x+COS(m+n)x]dx
Es y = [ (sinmx) (sinnx)dv = 7 [[cos(m—n) x—cos (m + n) x]dx
Ey 5 = [(sinmx)(cos nx) dx :%I[sin(m+n)x+sin(m—n)x]dx
E , = [(cosmx)(sinnx) dx :%I[sin(m+n)x—sin(m—n)x]dx

VI. TiCH PHAN HAM CO CHU'A TRI TUYET DOI
b

Dang 1: Gia st can tinh tich phan [ = ”f(x)‘dx , ta thyc hién cac budc sau:
a

+ Bwédc 1. Lap bang xét dau (BXD) cha ham sé f(x) trén doan [a; b], gia st f(x) c6 BXD:

X | a X, X, b

f(x)‘+0—0+

b X, x, b
+Budc2. Tinh 1= [|f(x)dx = [ f(x)dx— [ f(x)dx+ [ f(x)dx.

X X.

1 2

Dang 2: Gia st can tinh tich phan [ = .lf[‘f(x)‘i‘g(x)u dx , ta thyc hién:

Cach 1. Tach [ = f“f(x)‘ + ‘g(x)ﬂ dx = ﬁf(x)‘ dx iﬁg(x)‘dx roi sir dung dang 1 & trén.

Céach 2.
Buwdc 1. Lap bang xét ddu chung cla ham s6 f(x) va g(x) trén doan [a; b].
Buwdc 2. Dya vao bang xét diu ta bd gid tri tuyét déi cda f(x) va g(x).

b b
Dang 3: D& tinh cac tich phan 1=jmax{f(x), g(x)} dx va szmin{f(x), g(x)}dx,ta thuc hién

a a
cac budc sau:
Budrc 1. Lap bang xét ddu ham s6 h(x) = f(x)—g(x) trén doan [a; b].
Bwérc 2.

+Néu h(x)>0 thi max{f(x), g(x)| = f(x) va min{f(x), g(x)} = g(x).
+Néu h(x) <0 thi max{f(x), g(x)} = g(x) va min{f(x), gx)} = f(x).

VII. TICH PHAN MOT SO HAM PAC BIET

1.Cho ham s8 y = f(x) lién tuc va & trén doan [ —a; a | . Khido: I = [ f(x)dx=0.

—da

a a
2.Chohamsé y= f(x) lién tuc va chdn trén doan [—a; a] .Khido [I-= I f(x)dx =2If(x)dx.
-a 0
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o o
3.Choham s y= f(x) lién tuc va chan trén doan[—a :OL]. Khi dé: '[ de =l _[ f(x)dx
Spat+l1 25
Y T

2 2
4. Cho f(x) lién tuc trén doan [o;%} Khidé: [ f(sinx)dx = [ f(cosx)dx.
0 0

b b
5.Ham s6 f(x) lién tuc trén [a;b] Khi dé: J'f(x)dx =.[f(a+ b—x)dx

b b
6. Ham sd f(x) lién tuc trén [a;b] thod man: f(x)= f(a+b—x) thi Ixf(x)dx =#J.f(x)dx

a

Nhan xét : Bang cach lam tuong ty ta cé cac cdng thirc

; T TCTC—OC
*Néu f(x) lién tuc trén [ 0:;1]thi | f (sinx)dv = — [ f(sinx)dx
o (03

21—l 21—
*Néu f(x) lién tuc trén [ 0;1]thi [ xf(cosx)dv=n [ f(cosx)dx
o o

VIil. ’'NG DUNG CUA TiCH PHAN
1. Dién tich hinh phang

Dang 1: Cho ham s6 y=f(x)|ién tuc trén [a;b]. Khi d6 dién tich hinh phang gidi han bdi d6 thi

ham s6 y= f(x), truc Ox (y=0) va hai dudng thing x =a va x=b la:

b
S = [|£(x)|dx

©):y=1(X)

Phwong phdp gidi:
Buwdre 1. Ldp béng xét ddu ham sé y = f(x)trén dogn [a;b].

b
Bwé'c 2. Dwa vao bdng xét ddu tinh tich phén : ”f(x)‘dx .
a

b
Chu y: c6 2 cach tinh tich phan ”f(x)‘dx
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b
[ f(x)dx

b
+ Céch 1: Néu trén doan [ ;b | ham s3 f(x) khong d6i dau thi:  [[£(x)ldx =
a

+ Cach 2: Lap bang xét ddu ham s6 f(x) trén doan [a;b] roi khir tri tuyét déi.

Dang 2: Cho ham s6 x =f(y) lién tuc trén [a;b]. Khi d6 dién tich hinh phang gidi han bdi do

thi ham s& x:f(y),truc Oy (x=0) va hai duong thdng y=a va y=> la:

b
S=[|ro|ay

S T

Q

@)

2. Dién tich hinh phang
Dang 1: Cho 2 ham s6 y=f(x) va y=g(x) lién tuc trén [a:b]. Khi d6 dién tich cda hinh

phing (H) gidi han bdi db thi hai ham s& y = f(x) va y=g(x) va hai duong thing x=a va x=b

la:

b
S= Hf(X) - g(x)\dx

C):y="1(x)
(C):y=9(x)

X

Phwong phdp gidi:
Bwdrc 1. Lap bdng xét ddu ham sé f(x) —g(x) trén doan [a;b].

b
Bwéc 2. Dwa vao bdng xét dédu tinh tich phén Hf(x) - g(x)‘dx.

a

Dang 2: Cho hai ham s6 y =f(x) va y= g(x) lién tuc trén [a;b]. Dién tich hinh phang gidi han

p
bdi cac duong yzf(x) va yzg(x) la: Sz.[‘f(x)—g(x)‘dx .
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Trong d6 o, la nghiém nho nhat va I&n nhat clia phwong trinh f(x) = g(x) (a <a<B< b)
Phwong phdp gidi:
Bwdrc 1. Gidi phuong trinh f(x) —g(x) =0. Gid s ta tim dwoc o, B la nghiém nhé nhét

va Ién nhét cua phuwong trinh (a <a<B< b).

Bwdrc 2. Lap bdng xét ddu ham sé : f(x) —g(x) trén doan [(X; B ]
’ B
Bwd'c 3. Dwa vao bang xét ddu tinh tich phdn: Hf(x) - g(x)‘dx .
o

Dang 3: Cho hai ham sé x:f(y) va x:g(y) lién tuc trén [a;b] Khi do6 dién tich cda hinh

phang (H) gi¢i han bdi d6 thi hai ham s6 x:f(y) va x:g(y) va hai duong thang y=a va y=»b

la:
b
Szﬂf(y)—g(y)\dy y (C):x=g(y)
a
b ——\y=b
a P-.-".-".- y:a
I X
o) \
(C):x=f(y)
Phwong phdp gidi:

Bwérc 1. Ldp bdng xét ddu ham sé f(y) —g(y) trén doan [a;b] )
b

Buwdrc 2. Dua vao béng xét ddu tinh tich phdn Hf(y) - g(y)‘dy .
a

Dang 4: Cho hai ham s6 xzf(y) va ng(y) lién tuc trén [a;b]. Dién tich hinh phdng gidi han

B
béi cac duong x=f(y) va x=g(y) Ia: |S= [|g,(3)—g,(»)|dv|.
o

Trong do6 o, 1a nghiém nho nhét va I&n nhat cia phuong trinh f(y) = g(y) (a <a<P< b)
Phwong phdp gidi:
Bwdre 1. Giai phwong trinh f(y) —g(y) =0. Gig st ta tim dugc o, la nghiém nhé nhat

va Ién nhdt cua phwong trinh (a <a<B< b).

Bwérc 2. Lap bdng xét dGu ham s6 : f(y) —g(y) trén doagn [oc; B ]

B
Bwérc 3. Dura vao bang xét ddu tinh tich phén: ”f(y) - g(y)‘dy .
a
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Dang 5: khi tinh dién tich gi&i han 3 ham sé tr& 1én thi phwong phap chung la vé d6 thi réi dwa

vao do thj dé tinh.

Cdch tinh gidi han cia 3 ham sé: Cho 3 ham sé y =f(x), y =g(x) vay =h(x) lién tuc trén

[a;b]. Khi dé dién tich cta hinh phang (H) giéi han bdi d6 thi 3 ham s6 y:f(x) , y:g(x) va

y :h(x) la:

Véi:  + x; la nghiém phuong trinh: f(x) =g(x)
+ x, la nghiém phuong trinh: f(x) = h(x)
+ x5 la nghiém phuong trinh: h(x) zg(x)

Trong d6: a < x; <x, <xy<b

Tém lai khi gidi toan ta thwong gap cac dang sau:

y=f(x)
1. Dién tich S ctia mién gidi han: y=0
x=a,x=>b
y=f(x)
2. Dién tich S cda mién gidi han: < y = g(x)
x=a,x=>b
x=f(y)

b

= 8 =[] f(x)ldx

b

=8 = [|£(x)- g(x)ldx

a

b

3. Dién tich S ctia mién gi¢ihan: < x=g(y) = S= Hf(y) - g(y)|dy

y=a;y=>b

Chay:

a

1. P& tinh dién tich S ta phai tinh tich phan (1) , muén vay ta phai “phad” dau gia tri tuyét dai .

e N&u f(x)=0 ,Vxe [a;b] thi S:ﬁf(x)\dx=lff(x)dx

e N&u f(x)<0 ,Vxe [a;b] thi S:lf\f(x

b
)‘dx = f(—f(x))dx

a

4 Muén “pha” dau gia tri tuyét ddi ta phai xét ddu cla biéu thirc f(x) . Thwdng cé hai cach lam

nhu sau :

-Cdch 1: Dung dinh li “d4u cta nhj thirc bat nhat” , dinh li “d4u cla tam thirc bac hai” dé xét dau

cac biéu thirc f(x) ; doi khi phai gidi cac bat phwong trinh f(x) >0 , f(x) < 0 trén doan [a ; b]

-Cdch 2: Dwa vao dé thj cia ham sé 'y =f(x) trén doan [a ; b] dé suy ra dau cla f(x)

trén doan do .
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e N&utrén doan [a; b] d6 thi ham s6 y = f(x) nam phia “trén” truc hoanh thi
f(x)=20 ,Vxe [a ;b]
e N&utrén doan [a; b] d6 thi ham s6 y = f(x) nam phia “dwéi” truc hoanh thi

f(x)<0 ,Vxe [a;b]

b b
-Cdch 3 Néu f(x) khong déi dau trén [a; b] thitacd: S = ”f(x)‘dx = '[f(x)dx
a a

2. N&u phuwong trinh f(x) =0 cé k nghiém phan biét x;, X2, ..., Xk thudc (a; b) thi trén mbi khodng
(@;x1), (X1;%2), ..., (X ; b) biéu thire f(x) cé dau khéng déi .

b
Khi d6 dé tinh tich phan S =ﬂf(x)\dx ta c6 thé tinh nhu sau :

b x, X, b
S:ﬂ f(x)\dx: [ Feoax|+|[ feodx|+...+| [ f(x)dx

1 Xk

2. Tinh thé tich khdi tron xoay khi quay hinh phang quay quanh truc Ox, Oy

Dang 1: Thé tich cla vat thé tron xoay khi cho hinh phdng gidi han bdi cac duong y = f(x) , truc Ox

b
va hai duongthang x=a va x=b (a< b)quay xung quanh truc Ox la: [V, :nj[f(x)]2 dx|.
a

(©):y=1(x)

Chiy: Himsdy :f(x) >0 Vx e[a;b] va lién tuc trén doan [a;b].

Dang 2: Thé tich clia vat thé tron xoay khi cho hinh phang gi¢i han bdi cac duong x zf(y), truc Oy

va hai duongthang y=a va y=» (a<b)quay xung quanh truc Oy la: |V, Zﬂf[f(y)]z dy|.

y
bi>—— y=b
X=01% 72 (©):x=09(Y)
(frla
a y=a
ul X
)

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 40



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool

Chay: Ham s6 x :f(y) >0 Vy e[a;b] va lién tuc trén doan [a;b].
Dang 3: Cho hai ham s6 y =f(x) va y =g(x) lién tuc, cung dau trén doan [a;b]. Hinh phang gidi

han b&i d6 thi cla cdc ham s6 trén va hai duong thing x=a va x=b (a<b) quay xung quanh

[r()] -[e()]

Dang 4: Cho hai ham s6 xzf(y) va ng(y) lién tuc, cung ddu trén doan [a;b]. Hinh phing

dx

b
truc Ox tao nén mot khaéi tron xoay cé thé tich la: VOX :nf
a

gidi han béi do thi clia cdc ham s6 trén va hai dwong thang y=a va y=»b (a< b) quay xung quanh

[r(0)] ~[e0)]

dx

b
truc Ox tao nén mot khadi tron xoay cé thé tich la: Voy :ch.
a

Tém lai khi gidi toan ta thwong gap cac dang sau:

y=f(x)
1. Thé tich cua khéi tron xoay sinh ra khi quay mién gidi han cdc dudng sau: y=0 quanh Ox
x=a,x=>b
b
métvong la : Vi, =n [ f*(x)dx.
a
y=f(x)
2. Thé tich cda khéi tron xoay sinh ra khi quay mién gidi han cdc dworng sau:y y = g(x) quanh Ox
x=a,x=>b
b
mét vong la : Vox =T ”fz (x) - g2 (x)‘.dx .
a
x=f(y)
3. Thé tich cta khéi tron xoay sinh ra khi quay mién gidi han cdc dudng sau: x=0 quanh Oy
y=a;y=b
b
mét vong la : Voy = TEJfZ (y).dy.
a
x=f(y)
4. Thé tich cda khéi tron xoay sinh ra khi quay mién gidi han cdc dudong sau:s x=g(y) quanh Oy
y=ayy=>b

b
mét vong la : Voy =1‘C”f2 (y)—g2 (y)‘.dy.
a
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D. SO PHU'C

1. Cac dinh nghia, céng thirc, tinh chat sé phirc:

1.1. Binh nghia sé phuc

Mbi biéu thirc dang a+bi, trong d6 a,b € R,i2 =—1 duwogc goi la mét sd phirc
DI v3i s6 phirc z=a+ bi, tandi ala phan thye, bla phan do cla z.

Tap hop cac s6 phire ki hiéu la C.

> M0i s6 thuc a dugc coi la mot s6 phirc véi phan ao bang 0: a=a+0i
» Nhuvaytaco RcC.
> S6 phire bi v6i beR duogc goi la s6 thuin 3o ( hodc s6 ao)

A\

S6 0 duwoc goi la sé vira thyc vira do; s6 | dworc goi la don vi do.
1.2. S6 phirc bang nhau
Hai s& phtrc 1a bang nhau néu phan thuc va phan 3o twong &ng cla ching bang nhau:
a=c
b=d
1.3. S6 phure déi va sé phue lién hop

a+bi=c+di<:>{

Cho s6 phirc z=a+bi,a,beR,i’> =1

> SO phtrc dbicta z kihiéula —z va —z=—a—bi.

> S6 phtrclién hgp cha z kihiéula z va z=a—bi.
1.4. Biéu dién hinh hoc ctia sé phirc

Diém M (a;b) trong mdt hé truc toa dod vudng goc clia mit phang duoc goi 1a diém biéu dién

s6 phirc z=a+bi.
1.5. Médun cda sé phuc
Gia str s6 phirc z=a+ bi duoc biéu dién bdi M(a;b) trén mit phang toa d6. Do dai clia vecto oM

duoc goi la médun cta sé phire z vakihiéula 1 zI.

Vay: |z|:I0—MI hay |z|:\/az+b2 .

Nhén xét: | z 1=l —zI=IZ|.
2. Cdng, trir, nhan, chia hai sé phirc
2.1. Phép céng va phép trir
Phép cdng va phép trir hai s6 phirc dugc thuc hién theo quy tic cdng, trir hai da thirc.
Téng quat:
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b—d)i
2.2. Phép nhén

Phép nhan hai s8 phirc dugrc thuc hién theo quy tic nhan da thire roi thay i> =—1 trong két qua
nhan duoc.
Téng quat: (a+ bi).(c +di) = (ac — bd) +(ad + bc)i.
> Phép cong va phép nhan cac s6 phirc c6 day du cac tinh chat cia phép cong va phép nhan
cac so thuc.

> Cho sd phtrc z:aeri,a,be]R,i2 =-1.Tacéd:z+z=2a; z.2=|z|2.
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2.3. Phép chia hai sé phirc

.. . P c+di A T % P T > .
V&i a+bi#0, dé tinh thuong e ta nhan ca tlr va mau véi sé phirc lién hop cha a+bi
a+ bi

c+di (c+di)(a—bi) ac+bd N ad—bci
a+bi  (a+bi)a=bi) L2ip® L2ip?
2.4. Cdc tinh chét cdn nhé

Cu thé:

Cho s6 phitc z=a+bi,a,beR,i>=-1

> Tinh chédt 1: S6 phirc z lasdthuyc < z=z2

Tinh chét 2: S6 phirc z 1as6 30 < z=—2

Cho hai so phurc 7y =a,+bji; z, =a, +byi; a;,b,a,,b, € R ta co:

Tinh chdt 3: 7, +27, =7, +2,

Tinh chét 4: 32 =72

YV V. V V

» Z Z

> Tinhchét5: | L |=2L; Z, #0
Z2 ZZ

> Tinh chét 6: lz,.2, =l 7 1.1z, |
z [z, |

> Tinh chét 7: ;
Iz, |

)
> Tinhchdt8: |z +z, 1<z |+Iz,|
3. Can bac hai ciia mdt sé phirc
Phwong phdp: Cho s6 phirc w = a + bi . Tim can bac hai cha sé phirc nay.
+) NEuw =0= wcod mdtcianbachaila0
+)NEuw=a>0 (a € R) = w c6 hai cin bac hai la Ja va-a

+)NEuw=a<0 (a € R) = w c6 hai cin bac hai 13 ix/-a va ix/—a
+) NEuw =a + bi (b #0)
2 2

Gid st z = x +yi (x, y thudc R) [a mot cdn bac haiclaw < 2 =w < (x+yi)’=a+bi < {;xy_—yb_ a

DE tim can bac hai clia w ta can gidi hé nay dé tim x, y. Mdi cip (x, y) nghiém ding phuong
trinh d6 cho ta moét can bac hai cda w.
Chu y: C6 rat nhiéu cach dé gidi hé nay, sau day |a hai cach thuong dung dé giai.
Céach 1: SIr dung phuong phap thé: Rut x theo y tir phwong trinh (2) thé vao pt (1) réi bién d6i

thanh phuwong trinh trung phuong dé giai.
Céach 2: Ta bién ddi hé nhu sau:

2
(xz—yz) =a’ 2y’ =q
2_ .2
{X Y Tls (2xy)2:b2 o x2+y? =d® +b?
2xy=b 2xy=b xy=bl2
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T hé nay, ta co thé giai ra x> va y> mot cach dé dang, sau d6 két hop véi didu kién xy=b/2 dé
xem xét x, y cung dau
hay trai dau tir d6 chon dwoc nghiém thich hop.
Nhan xét: Mdi s& phttc khdc 0 c¢é hai cdn bac hai la hai s& d6i nhau.
4. Phuong trinh bac hai véi hé sé thuc
4.1.Céng thurc nghiém cia phwong trinh béc hai

Xét phuwong trinh bac hai: Az2 +Bz+C =0 (A, B, Clacicsdthuc, A=0) cé6 A = B> -4AC
“B+A
2A

> Né&u A >0 thi phuong trinh cé 2 nghiém thuc phan biét z=

> Néu A=0 thi phuong trinh cé nghiém kép thuc zz%

> Né&u A<0:>A:i2(—A) thi phwong trinh cé 2 nghiém phitc phan biét

_—Bi-A
2A
< Chuy :Khi A, B, CIacacsé phirc

<

> A=0 thi phrong trinh cé nghiém kép thuc z:%

» A =0 thi phuong trinh (1) c6 hai nghiém phan biét z; = _228 ,23= —B-3

(trong d6 8 la mot can bac hai cta A).
4.2. Chay

> Phuong trinh bac hai trén tap hop s6 phirc véi hé sd thue luén cd 2 nghiém 1a 2 s6 phirc lién
hop.

> Khib I3 s& chdn ta c6 thé tinh A" va cdng thirc nghiém twong tu nhu trong tap hop s6 thuec.

> Goi z;,7, la 2 nghiém cta phuong trinh az’ +bz+c=0 (a#0)a, b, cla cac s6 thuc hoic s6
Zl +Zz =
phtre. Khi dé ta cé: a
c
1.2, =—
12 =

Dang 1. Thuc hién cdc phép tinh trén tdp hop sé phuc. xdc dinh phdn thwe, phén do va tinh
médun ctia mét sé phurc
Phuwong phap
e S dung cdc qui tdc céng, trir, nhdn, chia s6 phirc dé tinh todn gid tri cdc biéu thirc.
e D€ xdc dinh phén thuc, phdn o va médun cda sé phirc z thi ta phdi si dung cdc khdi
niém lién quan dén sé phurc va cdc phép todn trén tép hop sé phirc dé bién déi sé phirc

:\/az +b?

e Trong khi tinh todn vé sé phirc ta cé thé st dung cdc hdng ddng thire déng nhdé nhw
trong sé thurc.
2. Tim sé phirc théa mén diéu kién cho truéc
Phuwong phap

z=a+bi(a;beR). Khi dd: z ¢ phén thuc bdng a; phdn do bdng b;

Z

e Néu trong diéu kién dé bai chi cé duy nhdt mét ki hiéu z hodc z thi ta quy vé bai todn
thuc hién phép tinh.
e Néu trong diéu kién dé bai cé nhiéu hon mét ki hiéu z hodc z hodc cé ki hiéu médun ta

gidi theo phwong phdp sau:
> Goiz =a+ bi,a, beR.
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> St dung gid thiét bai todn va khdi niém vé sé 1ap hé hai phuwong trinh vdi hai én a,b
> Gidi hé phuong trinh 1dp dwoc trén tdp hop sé thuc va két ludn.

3. Gidi phworng trinh trén tép hop sé phire

Phwong phap giai phwong trinh az2 + bz +c¢ =0 (a #0)

> Tinh A=b>~4ac
> Duwavao gid tri cia A dé xdc dinh céng thirc nghiém .
4. Biéu dién hinh hoc sé phtre. tim tdp hop diém biéu dién sé phirc théa mén diéu kién cho truwéc
Phwong phap
> Goi z=x+yi(x,yeR) = M(x;y) biéu dién cho sé phtrc z trong mdt phdng tog dé.
> Duvavao dit kién bai todn, thiét Iap méi lién hé gitta x va y
> Duwa vao méi lién hé dé, dé két ludn tdp hop diém trong mét phdng biéu dién cho sé phirc z.
5. Tim s6 phtrc ¢6 hinh biéu dién cho trworc
Phuwong phap
> Tim tog d6 diém M (phu thudc tham sé) biéu dién cho sé phtrc z trén mdt phdng tog dé.
> Cho M thudc va hinh biéu dién cua z, ta tim dworc gid trj ciia tham sé.
> K&t luén sé phirc z cén tim.
Chuy:
. . . 2 2 2 v 2,2 .
-Phuwong trinh dudng tron: (x —a) + (y - b) =R° hodc x“+y°“+2ax+2by+c=0 (trong do

2 2
a* +b° —c>0 ). Phuong trinh hinh tron: (x—a)” +(y-b) <R’
- Phuong trinh dudng thang: ax+by+c=0, x =x,, y =,

2 2 2 2

- Phuwong trinh dudng Elip: x_2+y_2:1 . Phuong trinh dudng Hypebol: x_z_y_ =1

a b a> b?

- Phuong trinh duwdng Parabol: y = ax* +bx+c, x = ay2 +by+c
6. Tinh chat lién quan dén hinh biéu dién cla s phirc
Phwong phap: P& chirng minh cac diém biéu dién cho céc s& phirc thod man diéu kién (T), thong
thuong ta lam nhuw sau

> Doc toa dd cac diém biéu dién cho cac sé phirc da cho.

> Dua vao diéu kién (T), ta qui dwoc bai todn vé bai toan hinh gidi tich trong mat phang.
Chuy:
-Néu M ,M,, M, lén Iwot biéu dién s6 phirc 2,,2,,2, thi:

e M,M, biéu dién sé phircz, — 2,

Z,+1Z,

o Ol (v6il la trung diém M M, ) biéu dién sé phirc . Suy ra: 201 biéu dién s6 phirc

Z,+1,.D0dd, z; +z, =0 thitrung diém | cia M,,M, tring vdi O.

+Z,+12 —_— . ~
%. Suy ra: 30G biéu dién

~r~ g x ~ , L
e OG (vdi G la trong tém M ,M,M, ) biéu dién sé phirc—
sé phircz, + 2, + Z,. Do dé, 2, +2, + 25 = 0 thi trong tdm G cda tam gidc M,M, M, trung vdi
géc toa dé O.
- Néu \z—(a+ bi)\ =R thi diém M ndm trén duong tron tém I(a;b) bén kinh R.

- NéU [z, —z,| = R thi d6 dai MM, =R

- Néu

Z ‘ =k, sé phurc z thogd médn ‘z—(a+bi)‘ =R. Khi dé, diém biéu dién sé phirc 2.%, ndm trén
0

duwong tron I(a;b) bén kinh k.R.
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7. Cwc tri cda s6 phic
Phwong phap : Cac bai todn qui vé bai todn tim gid tri I&n nhat, gia tri nhd nhat cia ham mot bién,
tim gid tri |&n nhat, gia tri nhd nhat cia mot biéu thirc hai bién ma cac bién thod man diéu kién cho
trudc
Bai todn: Trong céc sé phirc z thod man diéu kién T. Tim s& phirc z d€ biéu thirc P dat gia tri nho
nhat, I&n nhat
> Ti diéukién T, bién ddi dé tim cach rut an roi thé vao biéu thirc P dé dwgc ham mot bién
> Tim gid tri 1&n nhat (hodc nhoé nhat) tuy theo yéu ciu bai todn cla ham s6 mot bién vira tim
duwoc.
> S dung cac bat dang thirc co ban nhu: Bat dang thire lién hé gitra trung binh cong va trung
binh nhan, bat dang thirc Bunhia- Copxki, bat dang thirc hinh hoc.
> BAat dang thire lién quan dén sé phic:

*) a|+z| 2[5~ *) H%\‘\%HZ\ZJ—\%\ *) o+ 2| <|a]+z)|

Chu y: Bat dang thirc thworng gap:

Y , .. a1+a2+...+an . _
1. Bat dang thirc Cosi: Cho al,lz,...an >0, > {l/al.az...an Dau “=" xay ra khi
n

2 2
2. B4t dang thrc Bunhiacopski: (alb1 +a,b, +...anbn) < (al2 +a§ +...+c122)(1912 + 1922 + ...+bj)

Xoou_n 2 . al aZ an
Dau “=" xay ra khi: —=—==...=—"
1 b2 bn
e 2 2 ’
3. Bat dang thirc Mincopski: \/(a1 +a2) +(b1 +b2) S\/af +b12 +\/a; erz2 Dau “=" khi
a b
—L=-1>0

2 2

a
4. B4t ddng thirc tam gidc: Cho tam gidc ABC, khi d6: ‘AB — BC‘ <AC< AB+BC
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E. NON — TRU - CAU

1. MAT NON — HINH NON

1.1 Mat non tron xoay . A
Trong mit phang (P), cho 2 dwong thang d, A cat nhau tai O va ching C o
tao thanh géc B véi 0 < B < 90°. Hinh tron xoay tao ra khi quay dudng i
thang d xung quanh truc A véi goc B khong thay ddi duoc goi la mat 4"“
nén tron xoay dinh O (hinh 1). AB
Puong thang A goi |3 truc, dudng thang d duoc goi la dwong sinh va o

goc 2B goi 1a goc & dinh clia mét ndn. £ e

1.2. Hinh nén tron xoay
Cho AOIM vudng tai | . Hinh tron xoay tao ra khi quay dwong gap 3
khic OMI quanh canh géc vuong Ol goi la hinh ndn tron xoay (goi r,--.'_E "-x_
tat 13 hinh nén) (hinh 2). ’,r“;r ‘B
+ Duwong thang Ol goi la truc, O 1a dinh, Ol goi 13 dudng cao va OM S
goi la duong sinh ca hinh nén. N
+ Hinh tron tdm |, ban kinh r = IM la ddy cGa hinh non. '
Kh&i ndn tron xoay la hinh tao b&i mién tam gidc OMI quay quanh
canh géc vuéng Ol 3

1.3. Cong thirc dién tich va thé tich ctia hinh nén
Cho hinh nén cé chiéu cao l1a h, ban kinh ddy r va dudng sinh 1a €. Hoc sinh can nhé céc cong thirc:

+Méilienhéh,r, 8: h* +r> = *

+ Dién tich xung quanh: Sxqg=m.r.£

+ Dién tich ddy (hinh tron): S, =m.r°

+ Dién tich toan phan hinh tron: Szp =S, + qu

1 1

+Th& tichkhéinén: V.. =—8. h=—nr’h — P
non 3 d 3 /"(____ E __...D\
nh =i 1\{
+ Thé tich kh&i nén cut: V = ?(R2 w4 R.r) ;.{-*',_': Rl Tt
= ' 3

1.4. Tinh chat:
* N&u cat mat nén tron xoay bdi mit phang di qua dinh thi c¢é cac treong
hop sau xay ra:
+ M3t phang cdt mat nén theo 2 dudng sinh = Thiét dién |13 tam giac
can.
+ M3t phang ti€p xudc véi mit ndn theo mot dwong sinh. Trong treong
hop nay, ngudi ta goi d6 1a mat phang tiép dién cla mit non.
* N&u cat mat nén tron xoay bdi mit phang khéng di qua dinh thi cé céc
trwong hop sau xay ra:
+ N&u mit phang cit vudng géc véi truc hinh nén = giao tuyén [a mot
duong tron.
+ N&u m3t phang cét song song v&i 2 dudng sinh hinh nén=>giao tuyén la
2 nhanh cda 1 hypebol.
+ N&u mat phang cét song song v&i 1 dudng sinh hinh nén=>giao tuyén la
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2. HINH TRY - KHOI TRY

2.1. Mat tru tron xoay

+ Trong mp(P) cho hai duwong thang A va £ song song nhau, cdch nhau mot
khodang r. Khi quay mp(P) quanh truc cé dinh A thi dwong thang € sinh ra
mot mat tron xoay dugc goi la mit tru tron xoay hay goi tat 1a mat tru.

+ Duong thang A dwoc goi la truc.

+ Duong thang € duoc goi la duong sinh.

+ Khoang cach r duoc goi 1a ban kinh cia mat tru.

2.2. Hinh tru tron xoay

+ Khi quay hinh chi* nhat ABCD xung quanh dudng thang chira mot
canh, chang han canh AB thi dwong gap khicABCD tao thanh mot hinh,
hinh dé dwoc goi 1a hinh tru tron xoay hay goi tat 1a hinh tru.

+ Puong thang AB duoc goi la truc.

+ Doan thang CD duwoc goi la dwong sinh.

+ Do dai doan thang AB = CD = h duwoc goi la chiéu cao cda hinh tru.

+ Hinh tron tam A, ban kinh r = AD va hinh tron tdm B, ban kinh r = BC
duworc goi la 2 day cda hinh tru.

+ Khéi tru tron xoay, goi tat |a khéi tru, 1a phan khong gian gidi han béi

hinh tru tron xoay ké c3 hinh try.

2.3. Cong thirc tinh dién tich va thé tich cta hinh tru

Cho hinh tru cé chiéu cao Ia h va ban kinh day bang r, khi dé:

+ Dién tich xung quanh cta hinh try: Syq = 2rrh

+ Dién tich toan phan cta hinh try: Stp=S.+Sa=2mrh+2mr?

+ Thé tich khai try: V = Bh = rh

2.4. Tinh chat
e N&u cat mat tru tron xoay (c6 ban kinh 1ar) béi mot mp(a)vuéng gdc vai truc Athi ta duoc

duwong tron cé tdm trén Ava cé ban kinh bang r véir cling chinh 1a ban kinh clia mat tru do.

e N&u cat mat tru tron xoay (cé ban kinh lar) béi mot mp(a) khong vubng goéc véi truc A

nhwng cat tat cd cac dwdng sinh, ta dwoc giao tuyén 1a mot dudng elip ¢é tru nhd bang 2r va

truc 1én bang— d , trong d6 o la goc gilra trucsz‘amp(a) véi 0° << 90"

sin@
e Cho mp((x)song song vdi truc Actia mét tru tron xoay va cdch Amot khodngk .

Néu k < rthi mp(oc) cdt mat tru theo hai dwdng sinh=>thiét dién |3 hinh chit nhat.
Néu k =rthi mp((x)tié'p xuc véi mat tru theo mét duwdng sinh.
NEuk > rthi mp((x) khong cat mat tru.

3. MAT CAU - KHOI CAU

3.1. Mat ciu — Khéi cau:

Pinh nghia

eMitcau:  S(O;R)={M|OM =R} eKhdicau:  V(O;R)={M|OM <R}
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3.2.Vi tri twong ddi cha mot diém ddi véi mat cau

Cho mét cau S(O;R) va mot diém A bat ki, khi d6:

e NEUOA=R < Ae S(O;R). Khi d6 OA goi |2 ban kinh m&t cau. N&u

OAva OB la hai ban kinh sao cho OA = —OB thi doan thing AB goi I3
1 duwdng kinh clia mat cau.

e NEUOA <R < Andam trong mat cau.

e NEuOA >R < A nam ngoai mit cau.

=>Khdi cau S(O;R) |3 tap hop tat ca cac diém M sao choOM <R.

3.3. Vi tri twong ddi cia mit phang va mit cau
Cho mat cau S(O;R) va mot mp(P). Goi d la khoang cach tir tdm O clia méat cau dén mp(P) vaH la
hinh chiéu cGa Otrén mp(P) =d=0H.

e Néud<R& mp(P) cdt mat cau S(O;R) theo giao tuyén |a dudng tron nam trén mp(P) co

tam 1a H va ban kinh r = HM = |R* ~d* =\[R* ~OH? (hinh a).

o Néu d> R <> mp(P)khéng cat mt cauS(O;R) (hinh b)

e Neud=R& mp(P) c6 mdt diém chung duy nhat. Luc nay, ta goi méat cau S(O;R) tiép xuc
mp(P). Do d6, diéu kién can va du démp(P)tiép xuc véi mat cau S(O;R) 1a
d(0,mp(P))=R (hinhc).

.-"' \
.,
.-/ ",
4 W ——
e _ T f U g .\l.
e ™ o ~,
4 Y b B | i 5
- 4] ll- 1
,--'“ B Il
- d __,/ )
S ¢ \ d
7 SR ',?‘7
4 A A R ey ;’f
S 1ls i rd H /,f
£ s A ;
r SP] s
Hinh a Hinh b Hinh c

3.4. Vj tri twong ddi ciia dwong thang va mit cau
Cho mat cau S(O;R) va mot dwong thang A. Goi H 1a hinh chiéu cla O trén duong thang Ava
d = OH 1a khoang céch tir tdm O clia mat cau dén duwong thang A. Khi d6:

e Né&u d >R < Akhong cat mit cau S(O;R) )

e NEu d<R < Acidt mitcau S(O;R) tai hai diém phan biét.
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e Né&u d=R < Avaméat cau ti€p xtc nhau (tai mét diém duy nhat). Do d6: diéu kién can va
d0 dé dudng thang Ati€p xdc véi mit caulad =d(0,A)=R.

Dinh li: Néu diém A nam ngoai mat cau S(O;R) thi:

e QuaA o vo so tiép tuyén véi mat cau S(O;R).
e DO dai doan thang ndi A vdi cac ti€p diém déu bang nhau.
e Tap hop cac diém nay la mot dudng tron nam trén méat cau S(O;R).

3.5. Mit cau ngoai tiép khdi da dién

Mat cau ngoai tiép

Hinh da dién | T4t ca cac dinh cla hinh da dién déu nam trén mit cau

Hinh tru Hai dwong tron day cda hinh tru nam trén méit cau

Hinh nén Mat cau di qua dinh va dudng tron day cta hinh nén

a/ Cac khai niém co ban

< Truc cba da gidc ddy: 13 duong thang di qua tdm dudng tron ngoai tiép cla da giac day va
vudng goc véi mit phang chira da giac ddy.
= B4t ki mot diém nao nam trén truc clia da giac thi cach déu cac dinh cla da giac do.

< Pudng trung truc ciia doan thang: 13 dudng thang di qua trung diém cla doan thang va
vudng géc véi doan thang dé.
= B4t ki mdt diém nao nam trén duong trung truc thi cdch déu hai dau mut cla doan thang.

<> Mét trung trwc clia doan thang: 1a mét phang di qua trung diém cla doan thang va vudng
gdc véi doan thang dé.
— BAat ki mot diém nao nam trén mat trung truwe thi cach déu hai ddu muat ctia doan thang.

b/ Tam va ban kinh mat cau ngoai ti€p hinh chép
<> TAm mat ciu ngoai ti€p hinh chép: 1a diém céch déu céc dinh cda hinh chdp. Hay néi céch
khac, né chinh 1a giao diém | clia truc dwong tron ngoai tiép mdt phdng ddy va mét phdng
trung truc cua mét canh bén hinh chép.
<~ Ban kinh: |3 khoang céch tir | dén cac dinh cta hinh chdp.
¢/ Cach xac dinh tdm va ban kinh mat cdu cia mot sd hinh da dién co ban
e Cach 1: Néu (n— 2) dinh cla da dién nhin hai dinh con lai dudi mot géc vudng thi tdm cla
mat cau la trung diém cla doan thang néi hai dinh dé.
e Cach 2: D& xac dinh tdm cla mat ciu ngoai tiép hinh chép.
— Xac dinh truc A ctia day (A la duwong thang vudng goc véi day tai tam
dudng tron ngoai ti€p da gidc day).
— Xac dinh mat phang trung truc (P) cla mdt canh bén.
— Giao diém cuda (P) va A 1a tdm cla mat cau ngoai ti€p hinh chép.
Dang 1: Hinh hgp chi¥ nhat, hinh I13p phuong.

e Tam: trung vdi tdm déi xirng cta hinh hép chir £ B A
nhat (hinh lap phwong). ! N C N
=Tam a7, |3 trung diém cla AC". Ai I\Q\ i \ib
e Ban kinh: bang nira do dai duong chéo hinh hop ///_ _____ ;\_\\"""B’ ):____\l\_- B
chi* nhat (hinh lap phuong). D/ \C’ S~ N

C’
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= Ban kinh: Rzi.

Dang 2: Hinh lang tru dirng c6 day ndi tié€p dwdng tron.
Xét hinh lang tru dirng A1A2A3...An.AiA£A'3...A;l, trong d6 c6 2 day

C ] I A,
A Ay Ay A VA A AA, . A ndi tip dudng tron (0)va(0'). Lt A"
do, 10
mat cdu ndi ti€p hinh lang tru ding co: A\li
° N ' |
e Tam: /vdillatrung diém ctiaOO0'. dI’I
' I
e Bankinh: R=1A, =IA,=..=IA . | -
14 *n
I
Dang 3: Hinh chép cé cac dinh nhin doan thang ndi 2 dinh con lai

dudi 1 géc vuong.
e Hinh chép S.ABC c6 SAC =SBC =90°.
+ Tam: I3 trung diémciaSC.

+ Ban kinh: R:%:IA:IB:IC.

e Hinh chép S.ABCD cé
SAC = SBC = SDC =90°.
+ Tam: I 13 trung diém cha SC .

+ Ban kinh: R:%:IA:IB:IC:ID.

Dang 4: Hinh chép déu.
Cho hinh chép déu S.ABC...
e Goi Olatam cla day= SO la truc cla day.
e Trong mat phang xac dinh bdi SO va mdt canh bén,
chang han nhuw mp(SAO), ta v& duong trung truc cdia canh SA

ld AcatSAtai M vacatSOtail = I 1a tdm clia mat cau.

e Ban kinh: A7
Ta co: ASMI ~ ASOA :>S—M:£:> Ban kinh la:
SO SA
2
R:IS:SM'SA :&:IA:IB:IC:...
SO 250

Dang 5: Hinh chép c6 canh bén vudng géc véi mit phang day.
Cho hinh chép S.ABC...c6 canh bén SA J_da'y(ABC...)vé day ABC...
noi tiép dugc trong dudng tron tdm O . TAm va ban kinh méat cau
ngoai ti€p hinh chép S.ABC...dugc xac dinh nhu sau:
e Ti tdm O ngoai tiép clia dwong tron ddy, ta vé duwong thang
d vuéng géc véimp( ABC...)tai O.

e Trong mp(d,SA) , ta dwng dudng trung trec Acda canh SA
,catSAtai M, cat dtai 1.
= I |a tAm mét cau ngoai ti€p hinh chép
vabankinhR=IA=IB=IC=1S=...

e Tim ban kinh:

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 51



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool

2
A
Ta c6: MIOB I3 hinh chi¥ nhat.Xét AMAI vuéng tai M c6: R = Al =N MI* + MA® = ,|AO? +(%j .

Dang 6: Hinh chop khac.
e DuyngtrucAcua day.
e Dung mit phang trung truc (OL) clia mdt canh bén bat ki.
o ((X)ﬂA =] = I'la tdm mat cau ngoai tiép hinh chdp.
e Ban kinh: khoadng cach tir I dén cac dinh cta hinh chdp.
Chuy:
- Piéu kién d& mot hinh chép ndi tiép mat cau la day ndi ti€p mot duwdng tron
- Dudng tron ngoai ti€p mét s6 da gidc thuwdng gap. Khi xac dinh tAm mat cau, ta can xac dinh truc

clia mit phdng day, dé chinh 1 dudng thang vudng géc véi mit phang ddy tai tdm O cla dudng
tron ngoai ti€p day. Do d4, viéc xac dinh tdm ngoai O |a yéu td rat quan trong cla bai toan.

I

(6]
o 0
Hinh vuéng: O |3 giao diém 2 Hinh chir nhat: O 13 giao diém A déu: O 13 giao diém cua 2 duwong
dudng chéo. cta hai duwong chéo. trung tuyén (trong tam).

A vudng: O la trung diém cia A thuong: O 13 giao diém cla hai

canh huyén. dudng trung tryee cda hai canh A.

- Hinh chép cé cac canh bén déu bang nhau luén noi ti€p modt mat cau.

- Cac dinh cGla mét hinh da dién ludn nhin mot doan thang mot géc vudng thi hinh da dién dé noi
ti€p mat cau, ¢ tam 1a trung diém doan thang.

3.6. Dién tich va thé tich mat cau

* Djén tich mat cau: Sc = 4 R?|.

* Thé tich mat cau: Ve =%TER3 )
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3.6. Mit cau ndi tiép
Mat cau ndi tiép

Hinh da dién | T4t ca cdc mat cta hinh da dién déu ti€p xic véi mat cau

Hinh tru M3t cau tiép xuc vdi cac mat day va moi duwdng sinh cda hinh truy

Hinh nén M3t cau tiép xuc véi mat ddy va moi dudng sinh ca hinh ndn

a) Dinh nghia 1: mit phang phan gidc ciia mot géc la mat phang qua géc va moi diém ndm trén mat
phang déu cach déu 2 tia clia goc.

Tuwong ty ta cling dinh nghia mét phang phan gidc ctia mot géc nhij dién 1a tap hop tat ca cac diém
trong khéng gian sao cho khoang cach tir diém dé d&n mdi mat phang cla nhj dién a nhw nhau.

b) Binh nghia 2: Mt cau ndi tiép da dién |a mat cau tiép xuc tat ca cdc mat cda da dién. Khi d6 ta
cling ndi da dién ngoai ti€p mat cau.

Chay:

e TAtca cdc tl dién va tat cd cdc da dién déu déu cé mat ciu ndi tiép va vai da dién déu thi
tdm cla mat cau ndi ti€p trung véi tdm cha mat cu ngoai tiép.

e MGt lang tru cé mat cau ndi ti€p khi va chi khi lang tru d6 1a lang tru dirng cé mat day la da
giac ngoai ti€p duoc dwdng tron va cé chiéu cao bang 2 [an ban kinh duwong tron noi tiép da
giadc day.

e Né&u chan duwong duwdng cao cha hinh chép cach déu cac canh trong mat déy thi hinh chép cé
mat cau noi tiép.

e Né&u hinh chép cé cac mat bén tao vdi ddy cac géc bang nhau thi hinh chép cé mat cau noi
tiép.

c) Cach xac dinh tdm va ban kinh mat cau ndi ti€p mét hinh chép

* Xac dinh tam:

- Dung 3 méit phang phan giac clia goc tao bdi hai mit phang (Mt phang chira dudng phan gidc cla
mdt géc ndm trong mét phang vudng gdc vai giao tuyén cla hai mit do)

- Tim diém chung cta 3 giao tuyén ( ba giao tuyén khong song song) ctia ba mit phdng phan giac.
Suy ra, tAm mat cau ngoai ti€p hinh chép

Ddc biét: Néu H |a chan dudng cao cla hinh chdp va cach déu cdc mat bén. Goi | 1a hinh chiéu cta S

xudng 1 canh day. Ta dwng dwdng phan gidc clia géc SIH cat SH tai tAm mat cau ndi ti€p hinh
chop.
* Xac dinh ban kinh

Cdch 1: Ban kinh mat cau ndi ti€p da dién dugc tinh theo cong

thirc r = Trong d6 S; la dién la dién tich cGla mat thir i cha

e
=

Il
—

da dién.

Cach 2: S&r dung hé thirc phéan giac:

AD I3 phan giac trong cla tam gidc ABC. Khi d6

BD BA E i
CD CA

L
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F. PHUONG PHAP TOA DO TRONG KHONG GIAN OXYZ
I. HE TRUC TOA PO
1. Ung dung tich c6 hwéng

a cung phuong b [Zzl;J =0
ilbeadab=0
u,v, w khong ddng phing [;;}Q 20 (%).

;t,;, w dong phang [;,;}Q = 6 (*) (ba véc to co gia song song hodc nam trén mot mat

phdng).
A, B, Ckhong thang hang(3 dinh clia mot tam giac) < [ER} £0.

A, B, Cthang hang < [KE,XE} =0.

Bon diém A, B, C, D dong phing < [ER}E =0 (%) (bon diém ndm trén mot mét

phang).
B&n diém A, B, C, D khong dong phang < [KE,X@}XE #0 (%) (bdn dinh cla mét t& dién).

Dién tich hinh binh hanh: S, =‘[AB,ADJ‘ (*)

S 2
Dién tich tam gidc: S, e :%‘[AB,AC] (95 Syage =\|AB -AC —(4B.AC)

Thé tich khéi hop: V

ABCD.ABCD — ‘[AB,ADJ.AA ‘ (%)

Thé tich te dién: V) =é‘[E,A—CJ.A—D‘ (*)
A(x 5 Y45 24) B(xgs ygs z5)

AB=(Xg—X,5Yp = Ys325 —24)

AB = \/(xB —xA)2 +(vg —yA)2 +(zg —ZA)2

, . . X, +x +Yp 2442
Toa do trung diém M cua doan thang AB: M( A2 B;yAzyB; A2 Bj

R ., X, +Xp+X +yp+ Iy t2pt2
Toa d6 trong tam G cua tam gidc ABC: G(A :f C;yA y; yC;A ; CJ

Toa d6 trong tdm G cla t& dién ABCD:

G(xA+xB+xC+xD_yA+yB+yC+yD .ZA+ZB+ZC+ZCJ

’ ’

4 4 4
ABCD I3 hinh binh hanh = AB = DC
Cho AABC c6 céc chan E, F clia cdc duwong phan gidc trong va ngoai clia géc A ctia AABC trén

BC. Ta co: FE zﬁfé
AC
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e Né&u M chia doan AB theo ti sé k ( MA = kﬁ)th\l taco:
kx v, —ky 7, —kz

B. A, A"\
X ; = ,Z = VO‘Ik ¢1
MET T M T T T o T T

e Cho diém M(a;b;c). Hinh chiéu cia M |én Ox, Oy,0z, (Oxy), (Oyz), (Oxz) lan lot la: M, (a;O;O)

_ A~

, M, (O;b;O), M, (O;O;c), M, (a;b;O),M5 (O;b;c),M6 (a;O;c)
e Cho diém M(a;b;c). Diém d6i xirng vdi diém M qua Ox, Oy,0z, (Oxy),(Oyz), (Oxz) Ian lot la:
M, (a;—b;—c) , Mg (—a; b;—c) M, (—a;—b;c) , My, (a;b;—c) M, (—a;b;c),M12 (a;—b;c)

e Cho diém M(a;b;c). Diém d6i xtirng véi M qua O 13 M,, (—a;—b;—c).

Diém thudc truc Ox, Oy, Oz [an lugt cb toa dob : (xo;0;0),(0;y0;0),(0;0;z0). Diém thudc

mit phing (Oxy), (Oyz), (Oxz) lugt c6 toa dd 12 : (x:¥,:0).(0: 332 ). (%0302 ).

Il. PHUO'NG TRINH MAT CAU
- Mét sé vén dé trong tdm

N A a1 2 2 2
1. Phwong trinh mat cdu: Mat cau cé tam I(a; b; c) va ban kinh R :(x—a) +(y—b) +(z—c) = R?
Phuong trinh mat ciu dang khai trién:x? +y* +z2—2ax—2by—2cz+d =0, dk: a’ + b*+c*—d >0 (2)

Tam I(a; b; ¢) va ban kinh R= \Ja® +b> +c> —d

2. Chuy:

e MatcaucétdmlvaquaAthiR=1A= \/(xA—x1)2+(yA—y1)2+(ZA—Z,)2

. 1 .
e Mat cau cé duong kinh AB thiR = EAB va tam | la trung diém AB

e M4t cau qua 4 diém A, B,C, D thi viét phuong trinh mat cadu & dang (2) roi thay toa do tirng
diém vao phuong trinh va gidi hé dé tim a, b, ¢, d. (Hoac)
3. Vi tri twong déi cia diém vdi mdt cdu:

2 2 2
cho (8): (x—a) +(y=b) +(z=c)” =R* vadiém M(x,:y,:2,), Goi I(a;b;c) I tam mc(s), R
I3 ban kinh cla mat cau.
e IM >R~ Diém M nam ngoai mat cau (S)
e IM<R=> Diém M nam trong mat cau (S)
e IM=R~> Diém M thudc mit cau (S) (Hay Thay toa dé diém M vao PT mit cau thda man)
4. Vi tri twong déi gitta hai mdt cau:
Cho hai mét cdu 51(11, Rl) va 52(/2, Rz).
o |1, <‘R1 —RQ‘ < (S1), (S2) trong nhau
® I,I, > R, + R, < (S1), (S2) ngodi nhau
o ], =‘R1 _Rz‘ < (S1), (S2) tiép xuc trong
e I\, = R, + R, < (S1), (S2) tiép xuc ngodi
o |R R,

<II, <R +R, < (S1), (Sz) cdt nhau theo mét dudng tron.

5. Vi tri twong ddi gitra mit phang va mit cau
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Cho mat phang. va mat cau ..(x—a)z +(y—b)2 +(z—c)2 = R? (S) co tam I(a;b;c), bn kinh R . Goi

d-d(1(a))- |Aa+Bb+Cc+D)| |
VA2 + B2 +C?

+Néu d>R= (a)vé (S) khéng giao nhau.
+Néud=R= (a)vé (S) ti€p xtc nhau tai mot diém H. ((a) goi la tiép dién ciia mat cau (S)).
+Néu d<R= (a)vé (S) cat nhau theo giao tuyén l1a mot dwdng tron (C) ¢é ban kinh
r= VR2 —d? va cé thm H 13 hinh chiéu vudng goc cla | trén (oc).
Lwu y: DE tim toa d6 tAm H cha dwdng tron (C) ta lam nhv sau

- Lap phuong trinh dudng thang A di qua | va vudng géc véi (OL).

- Toa d6 diém H 1a nghiém cta hé gdm phuwong trinh cla A va phuong trinh (oc).

6. Vi tri twong doi gitta dwong thang va mit cau

X =x,+at
. . . 2 2 2
Cho duong thang thang A<y =y, +bt vamdt céu(S):(x—a) +(y—b) +(z—c) =R?
=z tct

]
9 0 -
Goi d = d(I,A) = , trong d6 M, (xy;052) €A, u=(a;b;c) la VICP cla A

u

+N&u d >R = A va (S) khéng cé diém chung

+NEu d =R = A ti€p xtc vdi (S) (A 13 tiép tuyén cta mat cau (S))

+NEu d <R=> A cat(S) tai hai difm A, B (A goi la cat tuy&n clia mat cau (S)).
lll. PHUONG TRINH MAT PHANG

1. M3t phdng (a) di qua diém M (x45052) Va co VTPT n= (A;B;C) c6 phuong trinh
A(x—xy)+B(y—y,)+C(z—25)=0

Chuy:

Vécto n # 0 vudng goc véi mit phing ((l) dwoc goi la VTPT clia mit phang (oc).

Vécto u#0 cO gia song song hodic ndm trén mit phing (oc) dwoc goi la VTCP clia mat phang (oc).

Néu ;m: Ia hai véc to khdng cung phuong cé gia song song hodc ndm trén mat phang (oc)th‘l

[;;J = n 1a mot VTPT clia mit phing ((x).

Néu ba diém A, B, C khong thang hang thi [ZE,ZE} — 1 13 mot VIPT cla m3t phing (ABC).

Cdc trwong hop riéng
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Cachéso Phuwong trinh mat phang (o) Tinh chat mat phang (o)
D=0 Ax+By+Cz=0 () di qua géc toa dd O
A=0 By+Cz+D=0 (o) // Ox hodc () > Ox
B=0 Ax+Cz+D =0 (o) // Oy hoac (o) o Oy
C=0 Ax+By+D=0 (o) // Oz hoac () o Oz
A=B=0 Cz+D=0 (o) // (Oxy) hoac (o) = (Oxy)

+Néu trong phurong trinh cuda (o) khéng chira én nao thi (o) song song hodc chira truc tuong rng.

N o 2 s X g , N ., P
+ Phuwong trinh mat phang theo doan chan:—+z+E =1. (o) cat cdc truc toa doé tai cac diém (a; O;

a b c
0), (0; b; 0), (0; 0; ¢)
2. Vj tri twong doi gitra hai mat phang

Cho (a):Ax+By+Cz+D =0 va (B):Ax+By+Cz+D =0 khi do:

*((x)ll(B)<:> %:;ilv;}oi() *(Q)E(B)@ %:”MLN;}O_()

* ((X),(B) cit nhau < [ﬁn}¢6

Truong hop déc biét: A'.B'.C'.D"'#0

+(oc)vé (B) cat nhau <:>;L¢k;<:>(A:B:C)¢(A':B':C')

+ (oc)vé (B)vuéng gbc vé nhau nn =0 AA +BB +CC =0
3. Vi tri twong dai gitra dwong thang va mat phang

X =X, +at B
Cho dudng thang A4y =y, +bt; My(xy;Y0:2) € A, VTCPu=(a;b;c) va mat phang
=17 +ct

(o) :Ax+By+Cz+D =0 c6 VTPT n=(A;B;C).
Xét phurong trinh A(x +at)+B(y, +bt)+C(zy+ct)+ D=0 (¥) anla 1, khi d¢
+ Al ((X) & phuong trinh (*) vo nghiém (;;l =0,M, ¢ (oc))
+A c(a) < phuong trinh (*) cé v6 sé nghiém (;t;a =0,M, e (oc))
+ Ava (OL) cat nhau tai mot diém < phuong trinh (*) cé nghiém duy nhét (;;z * O)

Luuy: AJ_(a)@;tzk;z
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4. Goc giira dwong thang va mat phang
Pudng thdng A ¢ VTCP u = (a:b;c) va mit phing (oc) 6 VTPT 1= (A; B;C) thi

sin (A,(a )) =

5. Goc gitta hai mat phang

un

B |Aa+Bb+C(] (00 <(A.o) <00°
_\/A2+BZ+C2.\/a2+b2+c2’( _( ,OL)_ )

cos(u,n) =

n

u

Né&u méat phang (OL) 6 VTPT 1 = (A: B;C) va mit phing (B) cOVTPT n =(A';B';C') thi

cos(;,n') :\
6. Khoang cach tir mot diém dén mit phang
Cho diém M (x:y,:2,) vamp(a):Ax+By+Cz+D =0 thi:

d(My:(cr))
\/A2 +B%+C?
7. Khoadng cach tir dworng thang dén méit phang song song
Cho dudmg thang Alfl(a): Ax+By+Cz+D =0, My(x,:y,:z,) 1a mét diém thusc A

({0 =a (Mo (o)) == r—as

8. Khoang cach giira hai mit phang song song

n.n

‘AA' +BB + cc"

cos(fe).(5) -

1 ;(oos o, p 3900)
;;‘n \/A2+Bz+C2.\/A'2+B'2+C'2 ( )

_ ‘Axo +By, +Cz, +D‘

_ ‘Ax0 +By,+Cz,+D

Cho hai mat phang song song ((X)IA.X+By+CZ+D=0 va (B):A'x+B'y+C'z+D' =0, khidé

(( ¥ )) ( ( )) ‘A'x0+3'y0+c'z0+1)" (o)

dl(o),(B))=d(M;;(B))= .trong dé M (x,;v4:24) la mot diem €(a
’ JA? +B? +C? e

9. Mt sd dang lap phwong trinh mat phing thwong gip

Lap phurong trinh mét phéng (o) ta cén xdc dinh mét diém thudc (o) va mét VTPT cia nd.

Dang 1: (o) di qua diém . M (X,;Y,;Z,) ¢ VTPT ﬁ:(A; B;C):
(o): A(x=X))+B(y—Y,)+C(z2-2,)=0
Dang 2: (o) di qua diém M (xo;yo;zo) c6 cdp VTCP a,b : Khi d6 mét VTPT cla (o) 1 7i :[é,l;].
Dang 3: (o) di qua diém M (X0 Yoo ZO) va song song v&i mit phang (B): Ax + By + Cz + D = 0:
(o): A(x=X,)+B(y—Y,)+C(z-2,)=0

Dang 4: (o) di qua 3 diém khong thang hang A, B, C: Khi dé ta cd thé xdc dinh mét VTPT cda (o) la:
ii=| AB,AC |
Dang 5: (o) di qua mot diém M va mdt duong thang (d) khong chira M:

—Trén (d) ldy diém A va VTCP u.

— M6t VTPT cda (o) la: 7i =| AM.ii |
Dang 6: (o) di qua mot diém M va vudng géc véi mot duong thang (d):
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VTCP ii cua dudng thdng (d) ld mét VTPT cua (o).
Dang 7: (o) di qua 2 duong thang cat nhau dy, dy:
— Xdic dinh cdc VTCP a,b cda cdc dwong théng dy, do.
— M6t VTPT cda (o) la: 7i =[a,b].
— Ldy mét diém M thuéc d; hodc d, = M € (o).
Dang 8: (o) chita duong thang d; va song song véi dwong thang ds, (dy, d» chéo nhau):
— Xdc dinh cdc VTCP d,b cta cdc duong théng dy, ds.
— M6t VTPT cia (o) la: 7i =[d,b].
— Ldy mét diém M thuéc d; = M € (a).
Dang 9: (o) di qua diém M va song song véi hai dudng thang chéo nhau ds, ds:
— Xdc dinh cdc VTCP a,b cda cdc dwong théng dy, do.
— M6t VTPT cda (o) la: 7i =[d,b].
Dang 10: (o) di qua mét duwong thang (d) va vudng géc véi mot mit phang (B):
— Xdc dinh VTCP u cua (d) va VTPT ﬁB cua (B).

— M6t VTPT ciia (o) la: 7i= [ﬁ,ﬁﬁ ]
— Ldy mét diém M thuéc d = M e (o).

Dang 11: (o) di qua diém M va vudng géc véi hai mit phang cét nhau (B), (y):
— Xdc dinh cdc VTPT ﬁ[} ,ﬁy cua (B) va (y).
— M6t VTPT ciia (o) la: 7i :[E‘B A, }
Dang 12: (o) di qua dwong thang (d) cho trudc va cach diém M cho trwdc mot khodng k cho trude:
— Gid st (o) 6 phurong trinh: Ax+ By +Cz+D =0 (A2 +B*+C? % 0) .
—Ldy 2diém A, B € (d) = A, B € (a) (ta dwoc hai phuong trinh (1), (2)).
— Tir diéu kién khodng cdch d(M,(a)) =k, ta dwoc phurong trinh (3).
— Gidi hé phwong trinh (1), (2), (3) (béng cdch cho gid tri mét @n, tim cdc Gn con Iai).
Dang 13: (o) 13 tiép xuc vdi mat cau (S) tai diém H:
— GiG st mdt cdu (S) cé tdm | va bdn kinh R.
— M6t VTPT cia (o) l&: 7i = IH
IV. PHUO'NG TRINH DUONG THANG
1. Duong thang A di qua diém M (xy:¥4:2,) vacé VTCP U= (a;b;c), khi dé

X:XO +at
+ Phuong trinh tham s6 la: {y =y, +bt ;(t € R), t goi la tham s6.
=2 +ct

X—X — Z— X
0 _Y7% _ 275 (4pe£0).

+ Phuong trinh chinh tac la:
a b c

Chuy:

Vécto u =0 cé gia song song hodc trung véi dudng thang A dwoc goi 1a VTCP cla dudng thang A.
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N&u hai mat phang ((x) Ax+By+Cz+D =0va (B):A'x+B'y+C'z+D' =0 giao nhau thi

Ax+By+Cz+D =0

, , : , duoc goi 1a phuong trinh tong quét cla duwong thing A
Ax+By+Cz+D =0 & P & &4 & &

hé phuong trinh: {

trong khéng gian.
2. Vj tri twong ddi gitta hai dworng thang

X =x,+at )
Cho hai dudng thang A:<y =y, +bt; M (xy:Y0:2,) € A,VTCPu = (a;b;c)
=1 +ct
x=x;)+a't' B
A y:y;)+b't'; M;)(xyo;yyo;z;))eA',VTCPuv=(a';b';c')
z=gy+ct

Xotat=x,+at
Xét hé phuong trinh Sy, +bt =y, +bt (1), khi do
gy tet=zy+ct
;2 ku

+A=A & (o
MyeA (MyeA

), hay hé phuong trinh (1) c6 v sé nghiém.

u=ku
Mqe N (MyeA

+AA & ) hay u = ki va hé (1) vé nghiém.

+ Ava A citnhau < u#ku va hé phuong trinh (1) c6 nghiém duy nhat

(hay[;ﬂ.MoM;) :oj.

+ Ava A chéonhau < u # ku' va hé phuong trinh (1) vo nghiém (hay[;t, u}.MOM;) # Oj

3. Goc gitra hai dwong thang

N&u duong thing A ¢ VTCP u = (a;b;c) va duong thing A’ ¢6 VTCP u=(a:b;c) thi

' u.u ad +bb +cc '

cos(A,A)z — == - - - ;(OO S(A,A)S9OO)
ul.|u \/612+192-l-cz.\/az+bz+c2

4. Khoang cach tir mot diém dén mot dwong thang

Khoang cach tir diém M(xM;yM;ZM) dén duong thang

X =x,+at N P,MOM]
A3y =y, +bt; My(xy:yq:29) € A, VICPu = (a;b;c) ; dwoc tinh bdi CT:d (M, A) = =—=—=
z=7z5tct ‘”‘

5. Khodng cach giira hai dwong thang chéo nhau
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NEu dudng thang A di qua diém M (x,;y,:2,)va co VICP u = (a;b:c) Duong thing A di qua
[u,u }.MOM0

Luu y: Khodng céch gitra hai dudng thang song song bang khoadng cach tir mot diém nam trénduong

didm M) (x ;Y yiz) VA cd VICP u =(a'b'sc) thi d(A,A'):

[u ,MOMO}

thang nay dén duwong thang con lai, nghia la d(A,A') =d(M0,A') = , MyeA.

u

6. Mot sd dang lap phwong trinh duwong thang thwong gip
Lap phwong trinh duong thdng d ta cén xdc dinh mot diém thudc d va mét VTCP cda nd.

Dang 1: d di qua diém M (X, y,3%,) va co VTCP d =(a;;a,;a,):

x=x,+at
(d)y=y,+a,t (teR)
7=z, +ast

Dang 2: d di qua hai diém A, B:
M6t VTCP cia d 1 AB.

Dang 3: d di qua diém My (xy;¥3%) va song song v&i dudng thang A cho truéc:
Vid// A nén VTCP cua A ciing la VTCP cua d.

Dang 4: d di qua diém M (x,;y,:%,) va vudng goc véi mat phang (P) cho truwdc:
Vid L (P) nén VTPT cua (P) ciing la VTCP cua d.

Dang 5: d |a giao tuyén cla hai mat phang (P), (Q):
e Cdch 1: Tim mét diém va mét VTCP.

— Tim toa dé mot diém A e d: bdng cdch gidi hé phuong trinh {Eg;

— Tim mét VTCP cta d: a :[ﬁP’ﬁQ]
e Cdch 2: Tim hai diém A, B thudc d, roi viét phuong trinh dwong théng di qua hai diém dé.
Dang 6: d di qua diém M, (x,;Y,3%,) va vudng goc vai hai duong thang dy, da:
VidLdy dLd;nénmot VICP ciadla: a=[d,.d, |
1 2

Dang 7: d di qua diém M,,(x,;Y,:,), vudng goc va cat duwong thang A.

¢ 2 A~ N 2 H A
e Cdch 1: Goi H la hinh chiéu vuéng goc cua My trén dwong thang A. Les ~
MyH L,

Khi dé dwong thdng d la duong thdng di qua Mo, H.

e Cdch 2: Goi (P) Ia mdt phdng di qua A va vubng goc vdi d; (Q) ld mét phéng di qua A va
chira d. Khidé d = (P)n (Q)
Dang 8: d di qua diém M,(x,:y,:%,) va cat hai dudng thang dy, da:

e Cdch 1: Goi M; € di, M, € d,. Tt diéu kién M, M1, M, thdng hang ta tim dwoc My, M. Tir
dé suy ra phuong trinh dwong thdng d.
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e Cdch 2: Goi (P) = (M,,,d,), (Q) = (M,),d,). Khi dé d = (P) ™ (Q). Do d6, mét VTCP ciia d co
thé chon I = iip, i, |.
Dang 9: d nam trong mat phang (P) va cit ca hai dwong thang dy, da:
Tim cdc giao diém A = d; N (P), B =d> M (P). Khi d6 d chinh I dwong thédng AB.
Dang 10: d song song v&i A va cat cd hai dwong thang dy, d»:
Viét phwrong trinh mét phdng (P) chira A va d,, mét phdng (Q) chiva A va d-.
Khidé d = (P) n (Q).
Dang 11: d 1 dudng vudng géc chung clia hai dudng thang dy, d chéo nhau:

. MN 1
e Cdch 1: Goi M € dy, N € d,. Tir diéu kién N Ld, , ta tim duoc M, N.
MN 1d,

Khi d6, d la duwong thdng MN.
e Cdch 2:
~Vid L d;vad Ld;nén mot VICP cla d c6 the la: d=|d,.d, |.
1 2

— Lép phwong trinh mdt phdng (P) chira d va ds, béng cdch:
+ L4y mot diém A trén d;.
+ MGt VTPT cta (P) c6 thé Ia: 7i, = [a,a y } .
1

— Twong tw 1ap phwong trinh mdt phdng (Q) chiva d va d-.
Khidod=(P)(Q).
Dang 12: d 13 hinh chiu clia dwong thang A 1én méat phang (P):
e Ldp phwrong trinh mét phéng (Q) chira A va vuéng goc véi mét phéng (P) béng cdch:
— LGy M € A.
— Vi (Q) chtra A va vubng goc vdi (P) nén ﬁQ = [ZzA,ﬁP].

Khidé d = (P) m (Q).
Dang 13: d di qua diém M, vudng géc vdi d; va cat ds:
e Cdch 1: Goi N la giao diém cta d va d,. Tir diéu kién MN L d;, ta tim duoc N.
Khi d6, d la duwong thdng MN.
e Cdch 2:
— Viét phurong trinh mét phdng (P) qua M va vuéng gdc vdi d.
— Viét phuong trinh mdt phdng (Q) chira M va d.
Khidé d = (P) m (Q).
- M6t s6 dang toan khac
1. Xdc dinh hinh chiéu H cia mét diém M Ién dwong thdng d
e Cdch 1: — Viét phwong trinh mét phdng (P) qua M va vuéng goc vdi d.
—Khido: H=dn (P)

. .. |Hed
e Cdch 2: Piém H duwoc xdc dinh boi: e ~
MH La,
3. Diém déi xirng M' cia mét diém M qua dwong thdng d
e Cdch 1: — Tim diém H a hinh chiéu ctia M trén d.

— Xdc dinh diém M’ sao cho H la trung diém cua doan MM'.
e Cdch 2:— Goi H la trung diém cta doan MM'. Tinh toa d6 diém H theo toa dé cia M, M'.
MM'La,
Hed

— Khi d6 toa dé cta diém M' dwoc xdc dinh bdi: {

4.Xdc dinh hinh chiéu H cia mét diém M Ién mdt phdng (P)
e Cdch 1: — Viét phurong trinh dwong théng d qua M va vudng géc vdi (P).
—Khidé: H=d n (P)
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e Cdch 2: Diém H duwoc xdc dinh bdi: {%(? cing phutong
» 1p
5.Diém déi xirng M' cia mét diém M qua mdt phdng (P)
e Cdach 1: — Tim diém H d hinh chiéu cia M trén (P).
— Xdc dinh diém M’ sao cho H la trung diém cia doan MM'.
e Cdch 2: — Goi H la trung diém cda doan MM'. Tinh toa dé diém H theo toa dé cua M, M.

. .. |He(P

— Khi dé toa dé cua diém M' duwoc xdc dinh bdi: —E( 4) R .
MH, 7, ciing phuong

6. Cuwc tri trong khong gian
Dang 1: A, B c6 dinh. Dudng thang d thay d6i qua B. Khi d6. d(A,A) 16n nhat khi AB vudng géc véi
d.
Dang 2: A, B ¢ dinh. Mt phang (P) thay d6i qua B. Khi d6. d (A, (P)) 16n nhat khi AB vubng géc véi
(P).
Dang 3: A c6 dinh va M thay d&i trén mat cau (S) tdm I. Khi dé MA 1&n nhat=R+IA, MA nhd nhat=|R-
IA| khi va chi khi M | giao diém cua IA va mat cau (S).
Dang 4: Lap phuong trinh mat phang (P) chira dwong thang A ¢ dinh, khoang cach A ¢ A t6i (P)
I6n nhat khi (P) qua K va nhan AK 13 vecto phap tuyén, trong d6 K 13 hinh chigu clia A lén A.
Dang 5: Lap phuong trinh mat phang (P) chita dudng thang A ¢d dinh, tao véi mét phdng (Q) mét
géc nhoé nhat khi E = [E.[E,nﬁﬂ
Dang 6: Lap phuong trinh mat phang (P) chira dudng thang A ¢6 dinh, tao véi mét phing d mot
gbc I6n nhét khi N, = [GZ.[GZ,O:H
Dang 7:Lap phuong trinh dudng thang A nam trong (P), di qua M sao cho khoang céach tir A ¢ (P)
c6 dinh t&i d nhd nhat, 1&n nhat.
TH1: d(a,A) nho nhdtkhi A di qua M va hinh chiéu cta A |én (P).
TH2: d(a,A) Ién nhat khi A 1a giao tuyén cla (P) va mat phdng (Q) qua M nhan AM |3 vecto phap
tuyén (hay Q = [AM ,EJ
Dang 8: Tim M thudc méat cau (S) tdm | sao cho khodng cach tir M dén (P) I&n nhat, nhd nhat. Khi
d6, M 1a giao diém cla dwong thang d (qua | vudng goc véi (P)) va mét cau (S).
Dang 9: Tim M thudc méat cau (S) tdm | sao cho khoang cach tir M dén A I&n nhat, nhé nhat. Khi d6,
M 13 giao diém clia dwong thang d’ (d’ qua | vudng géc véi A va d’ ndm trong mp(l, A) ) va mét cau
(S).

B& sung:

1. o,MA’ +a,MA} +...+a,MA’ hodc

alm+azﬁ+...+anm‘dat gia tri nhoé nhat (Ion
nhat) khi va chi khi MI nhd nhat (I&n nhat), trong d6 K 1a diém thod man:

o M1+, MT. 4.+, MI. = 0.

2. Cho A, B ¢& dinh, M thuéc mit phang (P) sao cho: MA+ MB nhé nhat hodc [MA — MB|Iéfn nhat

TH1: Néu A, B cung phia so vai (P) thi M = AB N (P)
TH2: Néu A, B khac phia so vai (P) thi M = AB'n (P) trong dé B’ 1a di€m d6i x(rng cta B qua (P)
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G. KHOI DA DIEN VA THE TiCH KHOI DA DIEN
1. Li thuyét vé khdi da dién
- Hinh da dién 1a hinh dwogc tao bdi mét sé hiru han cac da gidc thod man:
e Hai da giac phan biét chi cé thé: Chi cé mot diém chung hodc chi cé mét dinh chung, hodc
chi c6 mét canh chung.
e Mbicanh cla da gidc nao déu la canh chung clia ding hai mat.
- Khéi da dién duoc goi |a 16i néu véi hai diém bat ki A va B thudc khéi da dién thi moi diém thudc
doan AB ciing thudc khéi da dién dé.
2. Khéi da dién déu
a) binh nghia
Khéi da dién déu la khéi da dién 16i cd hai tinh chat:
e Cacmat la cdc da gidc déu cd cung sb canh
e MObi dinh 1a dinh chung cla cung mot s canh (it nhat 3 canh)
Ngudi ta phan loai khoi da dién déu: Néu mdi mat cé n canh, mbi dinh la dinh chung cla p canh thi
khéi da dién déu dé loai {n, p| .
Chay: Goi D, C, M la s dinh, s6 canh, s6 mat cia mot khéi da dién déu khi do:

. R 4n 2np 4p
1. D-C+M=2 va 2C=nM=pD va D=

; C= M =——— trong do
2n+2p—np 2n+2p—np 2n+2p—np

2n+2p-np>0va (n-2)(p-2)<4, n=3,p=3,

2. Trong mét khdi da dién: C>6, D>4, M>4va 2C>3M>C+6,2C=>3D>C+6
b) Cdc loai khéi da dién déu

Loai Tén goi S6 dinh S6 canh S6 mat Thé tich
3.3 T dién déu 3
33} 4 6 4 y=4 <2
12
{4.3} | Lapphuong 8 12 6 |V=da
3.4 Bat dién déu 3
3
{5,3} Mudi hai mat déu (15 +7\/§)a3
20 30 12 Ve
4
3] 12 30 20 _ ¥5)a
12

¢) Tém d6i xirng, mét déi xirng cda khéi da dién déu

* Tam doi xirng: Khéi 1ap phwong, khéi bat dién déu, khdi muwdi hai mat déu, khéi hai muoi mat déu
* Mat doi xirng: T dién déu cé 6 mat d6i xirng; Khéi 1ap phuwong cé 9 méat déi xirng; Khoi bat dién
déu c6 5 mat ddi xirng; Khéi mudi hai mat déu cé 15 mat doi xirng.

Chuy:

* T dién déu: Khong co tam doi xirng, cé 6 mat déi xirng, cd 3 truc doi xirng;

* Hinh 14p phuong cé tdm déi xirng, c6 9 mat ddi xirng, c6 13 truc ddi xirng;

* Hinh bat dién déu cé tdm d6i xirng, 9 mat d6i xirng va 9 truc doi xirng.

* Hinh c6 tdm doi xirng thi cé s6 canh, s6 mat, sd dinh [a s6 chan.
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3. Thé tich khéi da dién
a) Thé tich

- Thé tich khéi chop: V=§ B.h

B: Dién tich da giac day.
h: Do dai dudng cao.

- Thétich khéi Iéng tru: N=B.h

B: Dién tich da giac day.
h: Do dai dudng cao.

- Thé tich hinh hdp chi? nhat:

V=ab.c=,/S,.5,.5
Pudng chéo: [ =\a’ +b* +¢’

_Thé tich khéi 14p phuong|V = o]

Pudong chéo: a\/g

- Thé tich khéi chdp cut:
h
V=5(3+B'+ B.B')

Trong do: B, B’ la dién tich hai ddy, h
la chiéu cao khéi chdp cut (h=00’)

b. Ty s6 thé tich:

* Cho khdi chdp S.ABC.
A'eSA, B'eSB, C'eSC
V SA.SB.SC

S.ABC

S
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* MeSC, ta co:

Vesou _ SASB.SM _ SM
SASBSC  SC

VS‘ABC

S

B

4. Mét sé céng thire tinh xdc dinh nhanh tém va bdn kinh mdét céu ngoai tiép khéi da dién

Ki€u hinh

Tam

Ban kinh mat ciu ngoai tiép

T dién déu canh a.

C

Tam O cla mat ciu ngoai tiép
nam trén AH va cach (BCD)

a6

mét khoang OH=——
12

Tw dién OABC co OA=a,
OB=b,0C=c va OA,0B,0C déi
mét vudng goc.

O nam trén dudng thang d
vubng géc mp(ABC) tai trung

diém H cla AB va OH:%.

Jal+b’ +c?

R=
2
T& dién SABC c6 SA=b,SA L Ta xét hinh tru ngoai ti€p hinh Ib? sin o, + 43>
(ABC). BC=a c6 dinh, A thay d8i | ch6p SABC. KhidétamOclla | R= Ssin

trén mat phang (ABC) sao cho
ZBAC =a .

mat cau ngoai ti€p hinh chép
SABC trung véi trung diém
doan ndi hai tdm cla hinh tron
ddy cla hinh tru

T& dién ABCD c6 tinh chat
AB=CD=a, BC=AD=b,CA=BD-=c.

M& rong t& dién ABCD thanh
hinh hop chit nhat
AB;CC;1.E;DD4B nhu hinh vé.
D& nhan ra rang tam O cla
mat cau ngoai tiép t& dién
ABCD chinh 13 tdm cua hinh
hép chir nhét A81CC1E1DDlB

R /aerszrc2
8
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H. GOC VA KHOANG CACH
1. Puong thang vudng goc véi mat phang
Phwong phdap 1

Dé chirng minh duwong thang d vudng géc véi mét phang (o) ta chirng minh d vudng géc vai hai
duong thang a,b cat nhau nam trong (o).

d

a dla
1 dLlb
) >|< e =d L (P).

anb=1

Phwong phdp 2
St dung tinh chat: d||A, ma A L(a) thi d L(a).

dl A

Vas v

Phuwong phdp 3

Né&u hai mit phang (o), (B) vudng goc véi nhau va cdt nhau theo giao tuyén A, dwdng thang nao
nam trong mat phang (B) ma vudng géc véi giao tuyén A thi vudng géc véi miat phang (o).

Phwong phdp 4

Né&u hai mat phang phan biét cing vudng géc vdi mat phang thir ba thi giao tuyén clia chiing vudng
gdc v&i mat phang thir ba dé.

(P)L(R)
A d QLB r=al(R).
(P)N(Q)=a
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Phwong phdp 5

Né&u hai mat phang song song vdi nhau, dudng thang d vudng géc véi mit phang nay thi né vudng
gdc v&i mat phang kia.

L
Ve

2. Hai méit phang vudng goc

Phwong phdp 1 /
Mudn chirng minh hai mit phdng vudng gdc véi nhau ta chirng minh d
mat phang nay chira mot dudng thang vudng goc mit phang kia.
dLP)
=)L
de (@) () L(B)

Phwong phap 2 /
, ‘ . @Iy v T
S dung tinh chat: (y)J_(oc)}:(Y)J_(B)' /

/

d

Phwong phdp 3
S dung tinh chat (o) Ld, ma d||(B) hodc d = (B) thi (o) L(B).

o

3. Hai dworng thang vuéng géc
Phwong phdp 1
Mudn chirng minh hai dwong thang vudng géc véi nhau ta

chirng minh dwong thang nay vudng géc véi mit phang chira / I /
d1l(@) 4 l
|

dudng thang kia. }:>dia.

ac (o)
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Phwong phdp 2

Néu duong thang a song song mat phang (o), ma duwong thang d vudng géc mat phang (o), thi
d vudng goéc véi duwong thang a .

d/
Y

g1
4. Goc

4.1 Goc giiva hai dworng thdng

Phwong phap

Buwdc 1: Tim mot diém O tuy y (¢ thé |ay trén dwong thang a hodc b). Tr O dung hai tia Oa' va

Ob' 1an lugt song song véi a va b dugcgdc a'Ob'=¢.

Buwérc 2. Tinh s6 do clia géc @ bang céc dinh Iy va tinh chat cta hinh hoc phang hay dinh ly césin.

Chu y: géc gitta hai dwong thang khong 16n hon 90"

\
4.2 Goc gitra dwong thang va mit phang
Phwong phap
Dé xac dinh géc gitta duwong thang d va mét phang (o) ta thyc hién nhu sau:
Budc 1: Xac dinh hinh chiéu vudng géc clia d xudng mat phang (o) la d'.

+Tim giao diém O=d N (o).

+ Dung hinh chi€u vudng géc ctiia A xuéng (o) 1a H (chon dwong thang diqua A va vudng géc
véi (o) ).

Budc 2: Goc gitra duwong thang d va d' 13 géc dwong thang d va mat phang (o). Tinh s do cla
géc d6 bang hé thire lvgng trong tam gidc vudng.
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4.3 Goc gitra hai mat phang
Dé xac dinh géc gitta hai mat phang (o) va (B) talam nhuv sau:
Phwong phdap 1

Tim hai dudng thang a,b 1an lwgt vudng géc véi hai mét phang (o) va (B). Khi dé géc gilra hai
dudong thang a,b chinh 13 géc gitra hai m3t phang () va (B).

l
al(a)}:(zg):((a)’(m)_ o AN

bL(P)
Phwong phdp 2
Xdac dinh giao tuyén A cda (a)va (B).
Lay diém I € A.Trong (o) dung a L Atai I.Trong (B) dung b L Atai I.

Khi d6 goc gitta hai duong thang a,b chinh |a gbc gitta hai mat phang (o) va (B).

="

Phuong phdp 3

Xdc dinh giao tuyén A cda (a)va (B).

Trong (B)1ay diém A . Dung hinh chiéu H cla A xudng mat phang (a.).
T H dung HI L A.

Khi d6 géc AHI 1a goc gitta hai mat phdng (o) va (B).
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Asp

/|
e N\

Phwong phdp 4

Xdc dinh giao tuyén A cla (a)va (B).

Chon mat phang (y) LA.

Tim cac giao tuyén a=(y)N(a), b=>F)N(P).

Khi d6 géc gitra hai dwong thang a,b chinh 13 géc gitra hai mat phang (o) va (B).

. -\

Phwong phdp 5 St dung cong thirc dién tich hinh chiéu S'=Scoso .
5. Khoang cach
5.1 Khoang cach tir mot diém dén mot dudng thang

Dé tinh khoadng cach tir diém M dén duwong thang A ta can xac dinh dwoc hinh chiéu H cuda diém
M trén duwong thang A. Diém H thuong duoc dung theo hai cach sau:

- Trong mit phang (M,A)vé MH L A.Khidé: d(M,A)=MH .
- Dwng mat phang (o) qua M va vudng goc véi Atai H . Khidé: d(M,A)=MH .

il

5.2 Khoang cach tir mot diém dén mot mat phang

Cho diém M va mat phang (o). Goi H 1a hinh chiéu clla M xudng (o). Khi d6 MH dwoc goi la
khoang cach tir diém M dé&n mat phang (o).

Phwong phap 1
Bwdc 1: Chon mat phang (B) qua M va vudng géc véi (o).

Budc 2: Xac dinh giao tuyén d =(a)N(P).
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Budc 3: Trong mit phang (B)ké MH L d.vay MH =d(M,(a)).

LS

Phwong phdp 2
Gia str d3 biét d(A,(a)), IM va IA.
-Néu AM || (o) thi d(M,())=d(A,()).

d(M. (@) _ M

-N&u AM cat (o) tai I thi
dA.@) IA

M A

M
H K H
o o

5.3 Khoang cach giira hai dwong thing

Khoang cach gitra hai dwong thang Ava A':
-N&u A va A' cat nhau hodc trung nhau thi d(A,A")=0.
-Néu A va A' song song véi nhau thi d(A,A")=d(M,A")=d(N,A)

M K A

Al

7 N
5.4 Khoang cach giita dwong thang va mit phang
Khoang cach gitta dudng thang Ava (a):

-N&u A cat (o) hodc A nam trong (o) thi d(A,(a))=0.
-Néu Al| (o) thi d(A,(a))=d(M,(a)).

Lo S

5.5 Khoang cach gitta hai mit phing
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Khodng cach gitta hai mat phdng (o) va (B)
-N&u (@) cit (B) hodc ()= (B)thi d((@),($))=0.
-Néu ()| (B)thi d((a),(B))=d(M,(B)).

o
yay

5.6 Khoang cach giira hai dwong thing chéo nhau

Puong vudng goéc chung clia hai duong thang chéo nhau A va A' |a duong thang a cat Ad M va
cat A' & N dong thoi vudng géc vdica Ava A'.

Doan MN dugc goi 1a doan vudng géc chung cla hai dudng thang chéo nhau Ava A'.

/”r/

Chon méit phdng (o) chira duwong thang A va song song véi A'. Khidé d(A,A)=d(A',(a)).
M A’

Dung hai mat phang song song va lan lwot chira hai dwong thang. Khodng cach gitta hai mat phang
dé 1a khoang céch can tim.

//A

/ o

Phwong phdp 3 Dung doan vudng géc chung va tinh d6 dai doan dé.

Phwong phdp 1

jas]

Phwong phap 2

Trwong hop 1: A va A' vira chéo nhau vlra vudng géc véi nhau

Budc 1: Chon mat phang (o) chira A' va vudng géc voi Atai 1.
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Khido 1J la doan vubng géc chungva d(A,A)=1J.

A

L=

Truwong hop 2: A va A' chéo nhau ma khong vubéng géc véi nhau

Budc 1: Chon mat phang (o) chra A' va song song vdi A.

Budc 2: Dung d 13 hinh chiéu vudng géc clia A xudng (o) bang cach 18y diém M € A dyng doan
MN J_(oc), lic d6 d 1a dudng thang diqua N va song song véi A.

Budc 3: Goi H=dNA', dung HK || MN

Khi dé HK la doan vubng géc chungva d(A,A")=HK =MN .

K M A
T

Al

Hoac
Bwdc 1: Chon mat phang (o) L Atai 7.
Bwdc 2: Tim hinh chiéu d cla A' xudng mat phang (o).

Bwdc 3: Trong mat phang (o), dung IJ L d, tr J dung dwong thing song song vdi A cit A' tai
H ,tv H dung HM || IJ .

Khi dé6 HM la doan vudng goc chung va d(A,AY=HM =1J .

A A

a4

~

6. Bai toan khac

DANG 1: Thiét dién tao béi mdt phdng di qua mét diém va vudng goc véi mét dworng thdng d cho
trworc

Cach xac dinh mp(a ) di qua diém A va vudng géc véi dudng thang d:
Cach 1:

+ Ké duong thang a qua A va vudng goc vai d.
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Khi d6, mp(a,b) chinh la mp(a ) can dyng.

Céach 2: Néu c6 d vudng gbc vdi (P). Dung (oc) qua Ava ((x)//(P)

DANG 2: Thiét dién tgo b&i mét phdang chira mét dworng thang va vuéng géc mét mdt phédng cho
truoc.

Cach xac dinh mp(a ) chira dudng thang a va vudng géc véi dudng thang mp(B) trong dé (
al_mp(B)):

+ Chon mot diém A trén dudng thang a.

+ K& duwdng thang qua A va vudng géc véi mp( B ).

Khi d6, mp(a,b) chinh la mp(a ) can dwng.

Két qua:

+ N&u mdt dudong thang va mot mp cung vudng goéc véi mot duwong thang (dwong thang khdng nam
trong mat phang) thi song song.

+ N&u mot dudng thang va modt mp cung vudng goéc vdi mat phang (dudng thang khong nam trong
mat phang thi song song.

DANG 3: Dwng mét duwdrng thdng d qua mét diém A va vudng géc vei mét phdng (P)
Cach 1: Néu c6 a L (P): Dyng d song song véi a. Khidé d L (P)
Cach 2:

+ Dyng mat phang (Q) qua diém A va (Q) 1L(P);

+ Tim giao tuyén b cda (P) va (Q);

+ T diém A dung duwdng thang d vudng goc vdi b.

Khi d6: d 1a dwdng thang can dung

DANG 4: Chon mét mét phdng qua diém A va vuéng géc véi mdt phdng (P ) cho truéc
Cach 1: Néu d3 c6 mot duong thang a vudng goc vaéi dudng thang b trong (P).

TU mot diém M nao dé trén a, ké mot dwong thang MH vudng goc véi b.

Khi d6: mp(a,H) chinh la mat phang can dung.

Cach 2: Néu biét mat phang (Q) vudng géc véi (P).

TU diém A ké [an lwot hai duwdng thing song song véi hai dwong thang cat nhau trong (P).
DANG 5: Tim hinh chiéu H cia diém M Ién mdt phdng (P)

Quy tac chung:

+ Diém thudc mat phang thi hinh chiéu clia diém dé 1én mét phdng la chinh no;

+ Diém khong thudc mit phang:

- Dung mdt duwong thang d qua diém A va vudng goc véi (P); - DANG 3

- Tim giao diém claH cla d va mét phang (P). Khi d6, H chinh Ia hinh chiéu cla diém A |&n (P)
DANG 6: Tim hinh chiéu ctiia dwdrng thdng d ( khéng vuéng goc véi (P)) 1én mét phéng (P).
Cach 1:

Chon trén d hai diém A & B. (néu d cat (P) nén chon 1 diém |a giao cla d va (P))
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+ Tim hinh chi€u A’, B’ [an luot cha A, B 1én (P).

+ Duong thang d’ qua A’, B’ chinh 13 hinh chiéu ctia d Ién (P)
Cach 2:

+ Chon mat phang (Q) chtra d va (Q) 1 (P);

+ Khi d6, giao tuyén d’ cta (P) va (Q) chinh Ia hinh chiéu cGa d |1&n (P).

DANG 7: Ti s6 khodng cdch

d(A,(P)) AM
d(B,(P)) BM

+ Né&u AB song song vdi (P) thi d(A,(P))=d(B,(P)).

+ N&u duwong thang AB cat (P) tai M thi:

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 76



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool
I. MOT SO KIEN THU'C BO SUNG
1/ Cdc hé thire lwgng trong tam gidc vuéng

Cho AABC vudng tai A, AH la duwdng cao, AM la dwong trung tuyén. Ta co:

A 5 1 1 1 |
% Spupc =5 ah, =3l =2ch, |
i |
! 1 . 1 ) 1 . :
L <> SAABC:EabsmC:EbcsmA:EacsmB |
|
i i
i abc i
m :f‘¢ S =, S = D.r H
B — C AABC T 4> DAABC p |
| a+b+c !
9 S = =)D (=252
i i
: |
s AM:% |
2/ Cdc hé thuc lwong trong tam gidc!t:hu’g"ng_ ...................................................................................... !
e ———.—- -l EhbE -
i 2,2 2 ;
a) Dinh I ham 6 cosin k= b 4¢P —2becos A= cos A =L T 74 |
N ! 2bc i
! 2,2 42 i
c L x b2=a2+c2—2accosB:>cosB=u !
i 2ac :
: 2,.2 2 [
a ok c2=a2+b2—2abcosC:>cosC=u :
B : C | 2ab :
b) Dinh li ham s sin L _
A

a b __° _p
. sinA sinB sinC
B

qv C (R 14 ban kinh dudng tron ngoai tiép AABC)

c) Céng thirc tinh dién tich clia tam gidc

p —ntra chu vi

A 1 1 1

: ¢ SAABC —Ea.ha Ebhb —C hc :

c b : ;
: < SAABC=%absinc=lbcsinA=—acsinB :

i [

B a C : & abc :
! !

i i

| i

| i

i i

r —ban kinh dwong tron

d) Coéng thirc tinh d6 dai dudng trung tuyén cla tam giac

A
2 2 2 2 2 2
. oyt AB+ACT BC? , g2 BAT+BC? AC?
2 4 2 4
2 2 2
. cx? CAT+CB AB®

2 4

Trung tGm luyén thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 77



Thay Nguyén Birc Thang 0969119789 —thangnd286@gmail.com Trudng PTLC Vinschool

3/ Dinh i Talet e _

* MN//BC:iM—AN—MN—k

4/ Dién tich cda da gidc

| Sl e |

A : B AC BC |

! 2 |

i o Saamy _(AM )0 |

! Saasc AB :

! !

B C : (Ti dién tich bang ti binh phuong dong dang) |
i |

a/ Dién tich tam gidc vudng
<> Dién tich tam gidc vuong bang ¥ tich 2 canh

gbéc vuong.

b/ Dién tich tam gidc déu 2
J3
Canhz\/g SAABC = 4
= =

4 ,
_ canh.\/g h
2

<~ Dién tich tam gidc déu:  SA

< Chiéu cao tam giac déu: h,

¢/ Dién tich hinh vuéng va hinh chi nhgt Sy = a?

=
AC = BD = a2

<> Dién tich hinh vudng bang canh binh phuong.

< Duong chéo hinh vudng bang canh nhan \/5
<> Dién tich hinh chi* nhat bang dai nhan rong.

O
(@)

d/ Dién tich hinh thang

<> Dién tich hinh thang:
| AD + BC).AH
=85 = (4D + 5C)

Stinh Thang = % (d4y 16n + dy bé) x chidu cao 5

e/ Dién tich tu gidc c6 hai dwong chéo vubng
goc

<> Dién tich t& gidc co6 hai dwong chéo vudng goc
nhau bang % tich hai dwong chéo.

< Hinh thoi c6 hai duwong chéo vuéng goc nhau
tai trung diém cla mdi duwong.

B
) 1

} % } C = SHAT/),(Ji = EACBD
D

Lwuy: Trong tinh todn dién tich, ta cé thé chia da gidc thanh nhitrng hinh don gian dé tinh dién
tich, sau d6 céng cac dién tich duoc chia nay, ta dwogc dién tich da gidc.
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5. Mot s phép bién dai d6 thi
1. Cac phép bién déi don gian.
a. Hai diém M(x; y) va M’(x;—y) ddi xirng v&i nhau qua truc hoanh .
b. Hai diém M(x; y) va M'(—x; y) d&i xirng v&i nhau qua truc tung .
c. Hai diém M(x; y) va M'(—x;—y) ddi xtrng v&i nhau qua géc toa d6 O .
T cac phép bién d6i don gian nay ta co.
2. Cac phép bién déi do thi.
a. D6 thj cta hai ham sé y zf(x) vay= —f(x) déi xirng véi nhau qua truc hoanh.
b. D6 thj cia hai ham sé y =f(x) vay =f(—x) déi xrng v&i nhau qua truc tung.
c. Do thi cha haiham s y zf(x) vay= —f(—x) déi xtirng véi nhau qua goc toa dé O.

Hé qua 1. 6 thj ham s6 chdn nhén truc tung lam truc déi xing.

Hé qua 2. D6 thj ham sé 1é nhdn géc toa d6 O lam tém déi xirng.

TUr céc két qua trén ta cd cac dang co ban vé do thi cha ham sé cé chira dau gia tri tuyét déi.
3. Cac dang co’ ban

Dang 1. Ttr d6 thj (C) ciia ham sé y =f(x) , suy ra cdch vé dé thj (G) cia ham sé y = ‘f(x)‘

f(x) khi f(x)=0
—f(x) khi f(x)<0

suyra (G)=(C,)u(C, ) véi (C,) Ia phan &b thi (C) ndm phia trén truc hoanh (y(c) > 0), con (G,)

Léi gidi. Ta c6 y =|f (x)) = {

|a phan d6i xirng qua truc hoanh clia phan d6 thi (C) nam phia dudi truc hoanh (y(c) < O)

Dang 2. Ttr dé thj (C) ciia ham sé y =f(x) , suy ra cdch vé dé thj (H) cia ham sé y = f(‘x‘)

Loi gidi. Vi ‘—x‘ =‘x‘ nén y= f(‘x‘) la ham s& chan, suy ra d6 thi (H) nhan truc tung lam truc déi
xtrng. Vivay (H)=(Cy)U(C, ) véi (C;) 1a phan db thi cda (C) ném bén phai truc tung (x>0), con

(C4) |a phan déi xirng cla (C3) qua truc tung.

Dang 3. Ttr d6 thj (C) cia ham sé y = f(x), suy ra cdch vé dé thj (K) cia ham sé y = ‘f(‘x‘)‘

i aidi Ta o6 v < ¢(l <) () bi £ (x]) 20
Loigigi. Tacd y = ‘f(‘x‘)‘ = —f(‘x‘) thi f(‘x‘) -0

Suyra (K)= ( )U(H2 VO ( ) la phan d6 thj cta (H) cia hamsé y = f(‘x‘) nam phia trén truc
hoanh ( > ), con (Hz) |a phan d6i xrng qua truc hoanh cha phan d6 thi (H) & phia dudi truc
hoanh (y(

H)<0).

Dang 4. Tir d6 thj (C) cia ham sé y =
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1) il
‘u(x)‘ ) v(x) khi u(x)_O
v ] ) u(x)<0

v(x)

Suyra (L)=(C,)u(C,) véi (C,) Ia phan chia db thi (C) c hoanh dé théa mén digu kién u(x)>0

L&i gidi. y =

va (Cz) la phan d6i x(rng qua truc hoanh cha phan dbé thi (C) c6 hoanh d6 thda man u(x) <0.

) e e o)

ﬂ' suy ra cdch vé dé thj (M) cua ham s6 y =
v(x

khi v(x) >0

Dang 5. Tir d6 thi (C) cia ham s6 y =

M(X

u(x) _Jv(x

L& giGi. y = — L =

)
())
( ) khi v(x)<0

Suyra (M) =(C;)u(C,) véi (C3) 1a phan clia db thi (C) c6 hoanh d thdéa man digu kién v(x)>0

va (C4) la phan d&i xrng qua truc hoanh cta phan d6 thi (C) cé hoanh d6 théa man v(x) <0.

u(x) “(x)
v(x)’ v(x)|

Dang 6. Tir d6 thj (C) cua ham s6 y =

, suy ra cdch vé dé thj (N) cda ham sé y =

u(x) (X)ZO
L&i gidi. y = “x)) v(x) ) (x)
] L e

i) ()

Suy ra (N) =(C5)U(C6) VG (CS) |a phan cla d6 thi (C) nam phia trén truc hoanh (y(c )
(C6) | phan d6i xirng qua truc hoanh clia phan d6 thi (C) nam phia dudi truc hoanh (y )

u(x) v 5 thi (01 e i s 3 ="

suy ra cdch vé dé thj (Q) cua ham sé y =

v(x)’ | (i)

la ham s& chan, suy ra do thi (Q) nhan truc tung lam truc doi

Dang 7. Tir d6 thi (C) cua ham s6 y =

alal
v(+)

xtrng. Vi vay (Q) =(C; ) (Cy) véi (C;) 1a phan db thi cda (C) ndm bén phai truc tung (x>0), con

Lo gidi. Vi |-x|=|x| nén y=

(CS) |a phan d6i xirng cla (C7) qua truc tung.

Dang 8. Tir d6 thj (C) cua ham s6 y =
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L&i gidi. y =

alal
v(+)

hoanh (y(Q) > 0), con (Qz) la phan d&i xirng qua truc hoanh cha phan d6 thi (Q) & phia dudi truc

6. Cong thirc dao ham
6.1. Cdc quy tdc tinh dao ham (Ky hiéu U=U(x), V=V(x)).

((ULV) =U'£V o(UV) =UV+UV' o [gj _vv-uy
v

Suy ra (R) =(Q1)U(Q2) VG (Ql) |a phan d6 thi (Q) ciaham sé y = nam phia trén truc

fflUNIN =f",. U.

V2
. sinx ! ' 1 U’ )
e lim =1 o(kU) =kU o|—| === o(UVW) =U'VW+UV'W+UVW'
x—>0 X U U2
6.2. Cdc cong thirc tinh dgao ham:
Tén ham sé Cong thirc dao ham Pao ham chia ham s6 hop
Cac ham sé ' b
thweng gip (C) =0 (Cla hang so)
(x) =1, (kx)’=k (k 1a hang s6 ) (L) _ w20
n n+l
u
(x") =n.x"* (neN, n>2) (u“
(lj :_i (x=0) (lj =—— (u#0)
X x2 u
(ij =——(x#0) (ij = (=0)
x" X u

=

) _u (> 0)

' 1
(«/;) = (x> 0) (\/Z) - —' (u>0)
N x"
3 o . / /
H.a’m s0 lugng (smx) =COoSX (smu) =cosuu'
giac , ;
(cosx =—sinx (cosu) = —sinuu’
/ 1 /
(tanx) = 5 =1+tan” x (tanu)
cos” x cos’ u
1 2 /
(cotx) == =—(1+cot x) (cotu) =
sin” x sin” u
Ham liiy thira x*)=ax®? (u®=au*/
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Ham sé mii

(eX )r - eX
(@) = a’lna

(e')y=u".e"
(a")y =u’.a"lna

Ham logarit

(Inx )" = l (x>0)
X

(In/x/ Y = 2 (x#0)
X

(log, x) = (x>0, O<a=1)

xlna

x|) = (x>0, 0<a=1)

lo
(log, xlna

(Inu) = u_’ (u>0)
u

(In/u/) = u_‘ (uz0)
u

(log,u) = u (u>0, 0<a=z0)
ulna

(log, |ul) = (u>0, 0<a=0)
uina

6.3. Dgo ham cip cao: £ (x)=[ /" ()]

Tdng cdc con trai, em trai, cdc chdu cua téi!

Ha NGi, ngay 06 thdang 4 ndm 2017
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